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ON RAVENEL’S TELESCOPE CONJECTURE AND ITS DISPROOF
[After Burklund—Hahn-Levy—Schlank]

by Christian Ausoni

Introduction

Ravenel’s Telescope Conjecture is an attempt to account for the periodicity phenom-
ena observed in the stable homotopy category, with for example applications to the
computation of the (stable) homotopy groups of a space or a spectrum in the sense of
algebraic topology.

Consider a pointed space (X, zg), where X is a topological space and zy € X is a
chosen point called the base point. All maps and homotopies that we consider here are
supposed to be pointed, meaning that they preserve base points. We denote by S™ the
Euclidean sphere of dimension n, with a chosen base-point x. The n-th homotopy group
of (X, xg) is the set of homotopy classes of pointed maps

Wn(X, $0) = [(Sn> *)7 (Xv IO)]* :

This is a pointed set, and can be given a natural group structure for n > 1, which is
commutative for n > 2.

The most basic and fundamental example is provided by the spheres, with the problem
of determining all continuous maps

St — S

up to homotopy, or in other words, of computing m,, (S™, *). A first interesting example
is given by the following self-map of the circle

fa: St = S 2z 2

where d € Z and where S' C C is viewed as the subspace of complex numbers of
modulus 1. These give all the examples of maps S* — S* up to homotopy, and are not
homotopic for different values of d. In other words, we have an isomorphism

Z, —>7T1(Sl,*), d > [fd]

On the other hand, it can be proven, using for example covering spaces, that m, (S, ) =
0 for all n > 1.
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Let us from now on omit the base point from the notation. In the 1930’s, Hurewicz
obtained the first systematic information on the homotopy groups of S™ for m > 2,
see Theorem 5.1. He showed that 7,(S™) = 0 for n < m, while 7,,(S™) = Z, with
the identity map of S™ as generator. However, at the same time it was discovered (in
contrast with the case m = 1) then when m > 2 the groups 7,(S™) are not necessarily
trivial for n > m. The first example of such a homotopically non-trivial map was
constructed by Hopf, with the map

n: 83— 52
that now carries his name. It can be defined by restricting the standard quotient
map C?\ {0} — CP! to S* ¢ C?\ {0}, where C P' is the complex projective line
homeomorphic to S2. It was then proven by Serre, see Theorem 5.3, that

7T3(S2) =7

with ) as generator.
We can define a functor X: Top, — Top, from the category of pointed spaces to itself,
called the suspension, by the formula

S(X, 20) = (X x [0,1])/ 2, %),

the quotient of X x [0, 1] by the equivalence relation generated by (x,0) ~ (z,1) ~ (zo,t)
for all z € X and ¢ € [0, 1], and with * the class of (z¢,0). One can show that ¥(S™) is
homeomorphic to S"*!, and that we have a homomorphism

(o 7Tn<X) _>7Tn+1(EX>7 [f] = [E(f)]
The fascinating Suspension Theorem of Freudenthal 5.2 states that
0 Tk (S™) = Ty (™)

is an isomorphism if £ < n — 1, and a surjection for k£ = n — 1. For example, starting
with 73(.5?), this theorem tells us that the chain of homomorphisms

~

3(S%) —» 14(S%) —— m5(S1) —— 76(S7) —— - .

stabilizes with having only isomorphisms beyond 74(S?). This motivates the following
definition.

DEFINITION 0.1. — Let X be a pointed space. The k-th stable homotopy group of X is
defined as the colimit of groups

WZ(X) = COhm(ﬂ'k(X) i} 7Tk+1(ZX) i} 7Tk+2(22X) i} .. )
under the suspension homomorphism o.

We will denote by 7 (S) the group 73 (S°), and called it the k-th homotopy group of
the sphere spectrum. Note that by Freudenthal’s Theorem, the natural map

7Tn+k(5n) — Wk(S)
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is an isomorphism when n > k 4+ 1. By Hurewicz’ Theorem 5.1, we deduce that
7o(S) = Z. To compute 7 (S), it suffices to compute 74(S?), which we know by the
above discussion to be a quotient of m3(S?). The kernel is generated by 27, so that we
have
MOEEACHEYAR

Serre proved that for any k > 1, m(S) is a finite (abelian) group, see Theorem 5.3
and the discussion thereafter. This group has been completely computed for &k < 100
(roughly). For example, Ravenel (2004, Appendix 3) contains tables of these homotopy
groups in low degrees. An open and probably unrealistic challenge of the field is to
determine them all.

Nevertheless, some aspects of their global structure are know. A major breakthrough
was Adams’ discovery of the infinite periodic a-family of p-torsion elements, for any
prime p. For simplicity, let us suppose that p is an odd prime, the behavior at 2 differing
(but Adams treats it also). Let v,: Z — N U {oo} denote the p-adic valuation.

THEOREM 0.2 (Adams, 1966, Theorem 1.5). — Let p be an odd prime. Then for all
k > 1, there exists an element

Q. € To(p—1)k—1 (S)

generating a cyclic subgroup of order p»®)*1 that is a direct factor. Moreover, oy is the
p-torsion element of lowest degree in m.(S).

Note that the p-torsion summands detected by the a-family {ay}x lie in degrees
2p—3, 2p—3+(2p—2), 2p—3+2(2p—2), 2p—3+3(2p—2),...

In other words, they appear periodically with a period of 2(p—1). This is an example of
vy periodicity in the sense of chromatic homotopy, as will be explained below. Shortly
later, further periodic families were discovered, with a larger period: Smith (1977) and
Toda (1971) constructed an infinite {3 }+ family of period 2(p®—1) for p > 5, and Miller,
Ravenel, and Wilson (1977) constructed an infinite {7} family of period 2(p® — 1) for
p > 7. These are example of vo-periodic and of vs-periodic phenomena, respectively.

The Telescope Conjecture is precisely addressing the decomposition of stable homo-
topy groups into such periodic families. If we are interested in understanding 7.(S),
since in positive degrees all groups are finite abelian, we might as well work one prime p
at a time, localizing away from p. Then the periodic families (such as the one described
above) will superpose each other, mixing the different periods, as with the different
wavelengths of light superposing to produce the white. If we look at the global picture,
no periodicity is visible. The purpose of chromatic homotopy theory is to study stable
homotopy by isolating and investigating the v,-periodic phenomena one n at a time.

Before returning to the construction of the «, § and ~ families and discussing higher
vp-periodicity, we briefly introduce spectra.

All constructions in stable homotopy take place in the category Sp of spectra. This
category can roughly be thought of as a localization of the category Top, obtained by
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inverting the suspension operator Y. This offers a great simplification, since it is no
longer necessary to “suspend enough” or pass to colimits to study stable phenomena.
Furthermore the category Sp is better behaved, and has a structure that is comparable
to the structure of the derived category D(Z) of Z-modules, but were Z is replaced
by S. The localization functor Top, — Sp is denoted >*°.

We refer to Lurie (2006, 2017) for the modern construction of Sp, and list below the
notions and notations that we will use in the sequel. The category Sp is a cocomplete,
stable (oo)-category generated by a single object, the sphere spectrum S. It admits a
symmetric monoidal product ®, often called the smash product, which admits S as a
unit, and preserves colimits in each variable. It admits a ¢-structure that is both right
and left complete, and its heart is equivalent to the category of abelian groups under
the Eilenberg-Mac Lane functor H.

Its homotopy category ho(Sp) is triangulated, and we usually call its triangles

X—=Y 723X

cofiber sequences. We will often omit XX from the notation. For two spectra X and Y,
the group ho(Sp)(X,Y) is usually denoted [X,Y]. The n-th homotopy group of a
spectrum X is defined as
(X)) = [X"S, X].

Note that these are Z-graded. Here 7, (S) precisely coincides with the stable homotopy
groups introduced in the discussion above, with 7,(S) = 0 for n < 0 (by Hurewicz’
Theorem).

A spectrum E is said to be n-connective for n € Z if m,(E) = 0 for k < n.

If F is a spectrum, the associated (generalized) homology theory E,(—) is defined
defined by

E,X)=m(E®X), ncZ.

In particular, m,(X) = S,(X) is the homology theory associated to the sphere spectrum S.
The homotopy groups m,(F) = E,.(S) of £, usually denoted FE., are called the coefficients
of E. The cohomology theory E*(—) associated to F is defined by

E"(X) = [X,%"E].

If A is an abelian group, the ordinary (co)-homology with coefficients in A is the theory
associated to the Eilenberg-Mac Lane spectrum H A, characterized by m,(HA) = A if
n =0, and 7,(HA) = 0 otherwise. When W is a pointed space and F is a spectrum,
we define E,(W) = E,(X°W) and E"(W) = E"(X>°W).

Let us now briefly mention the construction of the {ay}, family. As above, let p be
an odd prime. The mod p Moore spectrum is defined as sitting in the cofiber sequence

s 2§ -4 v(0) % 58,
or in other words V(0) = S/p. Adams showed that there is a self map
vy 2V (0) = V(0),
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with |v;| = 2(p — 1), which is periodic in the sense that all iterates (using appropriate
suspensions)
ok SRy (0) = v(0)

are not null-homotopic. We define a class o, € gy, -1(S) = [ZFIS, BS] as
. ok
o SHvlg Ly skly ) 2 v (0) -5 TS

‘
The class ay is then a lift of o), over XS L5 35S for ¢ as large as possible.
The {fk}x family is constructed in a similar manner, using a periodic self-map

vy BV (1) = V(1)

where V(1) = V(0)/v; and |vy] = 2(p* — 1), and the {7;}, family using a periodic
self-map

vy: TV (2) = V(2),
where V' (2) = V(1) /vy and |v3| = 2(p* — 1).

As we will learn from the Periodicity Theorem 2.5, this process continues indefinitely,
featuring wv,-torsion and v,-periodicity phenomena of period |v,| = 2(p" — 1) for all
n > 0. It starts with vp-periodicity, where vg = p. We have seen that the only vgy-
periodic family lies in 7(S) = Z, where p* # 0 for all k¥ > 1, since all other groups are
finite groups. Reducing mod vy, the periodic class v, appears in V(0),, allowing for the
study of vi-torsion and v;-periodicity phenomena, and so on. However, these higher
“primes” v,, appear only in S when reducing modulo the lower primes (vg, ..., v, 1).

A powerful tool for proving that the classes ay, 8r and 7, constructed above are
non-trivial is offered by the Adams—Novikov spectral sequence based on the complex
cobordism spectrum MU. Inspired by ideas of Jack Morava (published later (Morava,
1985)), Miller, Ravenel, and Wilson (1977) defined a chromatic filtration on the Adams—
Novikov spectral sequence expected to reflect the periodicity phenomena described above.
Ravenel (1984) then published a foundational paper where he stated eight conjectures
in chromatic homotopy, including the Telescope Conjecture.

The Telescope Conjecture equates two competing notions of v, -torsion classes, which
can be used to define two competing chromatic filtrations of the homotopy groups of
a spectrum. All of these conjectures by Ravenel — except the Telescope Conjecture —
were proven true within a few years, following the breakthrough achieved by Devinatz,
Hopkins, and Smith (1988).

The Telescope Conjecture was known to hold in height 0 and 1; nevertheless, it
was apparently believed to be too optimistic by experts, resisting until 2023, when
in groundbreaking work Burklund, Hahn, Levy, and Schlank (BHLS) announced its
disproof at all primes and all heights > 2, producing explicit counter-examples provided
by algebraic K-theory.

This brings us to the content of the present paper.

— In Section 1, we review the Adams—Novikov spectral sequence and explain how the
theory of complex cobordism leads to the algebraic chromatic filtration.
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— In Section 2, we state the Periodicity Theorem 2.5, discuss telescopes, and present the
geometric chromatic filtration. We also state a first version of the Telescope Conjec-
ture 2.13.

— In Section 3, we discuss Bousfield localization.

— In Section 4, we state the Telescope Conjecture 4.11 and touch upon its relevance.

— In Section 5, we sketch why the Telescope Conjecture holds at height 0 and 1, illustrating
also several of the concepts introduced earlier.

— In Section 6, after a brief introduction to algebraic K-theory and its interaction with
chromatic homotopy, we sketch the disproof of the Telescope Conjecture by Burklund,
Hahn, Levy, and Schlank (BHLS) in the simplest case of n =2 and p > 7.

We list below some sources and videos that are not given in the references, and that
could be of interest to the reader.

— Doug Ravenel has set up a Telescope Conjecture Webpage with an archive of papers and
further useful resources, including many of his talks on the topic, see:
https://www.sas.rochester.edu/mth /sites/doug-ravenel /telescope.html

— The videos of the talks at A Panorama of Homotopy - A Conference in Honour of Mike
Hopkins were Burklund, Hahn, Levy, and Schlank announced their result:
https://www.maths.ox.ac.uk/groups/topology /panorama-homotopy-theory /links-
recordings-lectures

— The videos of a series lecture on Algebraic K-theory and Chromatic Homotopy Theory
that Dustin Clausen gave at IHES:
https://indico.math.cnrs.fr/event /13651 /

Acknowledgments. — 1 am grateful to Nicolas Bourbaki for organizing a seminar on
Ravenel’s Telescope Conjecture and its disproof, and for the opportunity to speak. I also
thank his collaborators for very helpful support and comments on an earlier draft. In
preparing this talk, I found the above reference and resources very helpful and inspiring.

1. The chromatic filtration of the Adams—Novikov spectral sequence

The examples of the «, § and v periodic families in 7,(S) led to the question of
classifying such periodic families, and if any class in 7,(S) belongs to such a family.

One approach to the question is provided by the work of Miller, Ravenel, and Wilson
(1977) on the Adams—Novikov spectral sequence. This spectral sequence is the case
of the following generalized Adams spectral sequence where F, = MU,, the complex
cobordism theory, or in the (p)-local-case, where F, = BP,, the Brown—Peterson theory.
In the sequel, we abbreviate E,(E) to E.E.

THEOREM 1.1 (Adams, 1974a). — Given a multiplicative homology theory E, such that
E.E is flat as an E.-module, and a spectrum X, there is a spectral sequence

Ey' = Exty (B, B.(X)) = m_.(X),


https://www.sas.rochester.edu/mth/sites/doug-ravenel/telescope.html
https://www.maths.ox.ac.uk/groups/topology/panorama-homotopy-theory/links-recordings-lectures
https://www.maths.ox.ac.uk/groups/topology/panorama-homotopy-theory/links-recordings-lectures
https://indico.math.cnrs.fr/event/13651/
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with differentials of the form d,.: E' — ESTH7=1 where X s the E-completion of X.

Here E,F is a Hopf-algebroid over the ring F,, and the Ext-functor above is taken
in the category of left F,E-comodules. Ravenel’s “Green Book” (Ravenel, 2004) is a
celebrated text-book reference for the study of m.(S) by generalized Adams spectral
sequences; Appendix Al of the Green Book presents the homological algebra of comod-
ules over a Hopf-algebroid needed to define and study the Ext-groups of the theorem as
derived Hom-functors. In theory, to perform the computation of 7, (X) using the above
theorem, one needs to address the following steps.

(1) Compute E,, F.FE, F.(X) and the Ey-term Ext} ;(E., F.(X));

(2) Determine the do-differential and compute the Ej-term, which is the homology
of differential bi-graded chain-complex (FEs,dy). Repeat this with the successive
pages (E,,d,), and determine the limiting term E.

(3) The graded group {E% "}, is the associated graded of the Adams—filtration on
m.(X). Solve extensions to recover the filtration pieces and m,(X).

(4) Determine how X relates to X

Of course the feasibility of this program depends on the choices of £ and X. We
will concentrate here on the case where X is a finite spectrum, for example X = S.
Except in the cases where FE, is a Q-algebra and the spectral sequence collapses, Adams
spectral sequences for a non-trivial finite spectrum X have only been evaluated in a
finite range, giving partial information.

When E, and E,E are know, the Ext-group of the Ey-page in point (1) is already
very complicated, but is in practice computable by homological algebra tools, using
small resolutions, and sometimes with the help of computers, see for example Bruner
and Rognes (2021) and Bruner’s Ext-calculator. Again, this is done in practice in a
finite range only. Concerning the differentials in point (2), there is no known algorithmic
method of computation for them, and their evaluation requires ad-hoc, often sophisti-
cated arguments, for example using geometric input. Fortunately, in many examples of
interest in a given total degree t — s, there are only finitely many filtration pieces: in
the Esr-page or a further page, the groups displayed above a line of finite slope vanish,
see for example Hopkins, Palmieri, and Smith (1999). This means that for computing
EZ%* there are non-zero differentials only in a known finite range that grows with s.

Let us be more explicit on the points (1) and (4) above in two specific examples
of most interest. The classical Adams spectral corresponds to £ = HIF,, the mod p
ordinary homology. In this case, HF, = HF, (S) =T, (concentrated in degree zero),
and in general HIF, (X) is easily computable. The Hopf algebra A, = HF, (HF,) is
known as the dual Steenrod algebra; it was computed by Milnor.

THEOREM 1.2 (Milnor, 1958). — The Hopf algebra A, is commutative and non-
cocommutative; as an algebra it is free (in the graded-commutative sense) on infinitely
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many generators, more explicitly

VRS LLISUCIY p=2l& =2 —1;
Fplé1,&, ... ] @ Ap, (10, 71,...) podd, [§] =2p" =2, || =2p' — 1.

DEFINITION 1.3. — For any spectrum X, there is a natural spectral sequence
Ey' = Exty (F., HF, (X)) = m_.(X),

which converges for X connective. It is called the (classical) mod (p) Adams spectral
sequence of X.

Concerning point (4), in the case under consideration here, with X a finite spectrum,
the HF,-completion of X is the p-completion (see Examples 3.8), and we have 7, (X) =
7(X) ® Z,, where Z, denotes the ring of p-adic integers (this doesn’t need to hold
for non-finite spectra). In particular, the Adams spectral sequence associated to HF,,
modulo HF,, extensions, determines the p-torsion subgroup of m.(X).

The second example is provided by the complex cobordism spectrum MU, which is
a commutative ring spectrum introduced by Thom (1954); its homotopy groups are
known as the complex cobordism ring, whose elements are equivalence classes of closed
complex manifolds under the bordism relation. It has been computed by Milnor and

Novikov independently.

THEOREM 1.4 (Milnor, 1960; Novikov, 1960). — The complex cobordism ring MU, is
a polynamial algebra in countably many generators,

MU, =Z|xy,29,---], |z;|=2i foralli > 1.

This theory became one of the main actors in chromatic stable homotopy theory, as
the universal complex oriented (co-)homology theory. The complex projective space
CP* = colim,, CP" classifies complex line bundles on topological spaces, and is endowed
with the structure of an abelian topological group, with a product classifying the tensor
product of line bundles. We have the inclusion map i: S? = CP! — CP°.

DEFINITION 1.5. — A ring spectrum E is called complex orientable if the map
i*: B*(CP™) — E*(S%) =~ E° = 1(E)

is surjective. This is equivalent to asking that there is a class x € E?*(C P>) that is
mapped by i* to 1 € mo(F); such a class is then called a complex orientation of F. The
ring spectrum E is called complex oriented if it is complex orientable, with a chosen
complex orientation xg.

LEMMA 1.6 (Adams, 1974b). — Let (E,zg) be a complex oriented ring spectrum. The
group multiplication m: CP>* x CP>* — CP* induces a map of power series rings
over E*

E[zp]] = E7(CP™) — E*(CP™ x CP%) = E*[[z,y]],



1242-09

and the power series in two variables Fg(x,y) = m*(xg) is a commutative (one di-

mensional) formal group law over the ring E*; in other words, the following identities
hold:

F(z,0) =2 = F(0,z), F(z,y)=F(y,x) and F(z, F(y,2)) = F(F(z,y),z2).

Note that F,, = E~", so up to regrading we might also consider that the formal group
F is one over the ring F,.

Example 1.7. — Ordinary integral cohomology HZ is complex orientable; The associ-
ated formal group law is the additive one, with Fyz (z,y) =z + v.

— Complex K-theory KU, with KU* = Z [u*'] where |u| = —2, is complex orientable;
the associated formal group is the multiplicative one, with Fxy(z,y) = x + y + uzy.
— The ring spectra S and KO, real K-theory, are not complex orientable.

Given two formal group laws F, G over a ring R, a strict isomorphism f: F' — G is
a power series f € tR[[t]] with leading coefficient 1 (in particular it is invertible), such
that f(F(z,y)) = G(f(x), f(y)). Let us denote by FGL the functor that associate to a
ring R the groupoid whose objects are the formal group laws over R, with morphisms
the strict isomorphisms.

Following Lazard (1955), one can show that this functor is corepresented by a Hopf
algebroid, which is a cogroupoid object (L, LB) in the category of commutative rings:
more explicitly, we have a pair of commutative rings (L, LB), together with the following
collection of ring homomorphism:

ny: L — LB the left unit (source),
nr: L — LB the right unit (target),
(1) A: LB — LB ®p LB the coproduct (composition),
e: LB — L the counit (identity), and
c: LB — LB the conjugation (inverse).

These satisfy the obvious relations, dual to the defining properties of a groupoid,
see Ravenel, 2004, Appendix Al. Note that there are two L-algebra structures on LB,
given by ny and ng. This generalizes Hopf algebras, which are cogroups objects in the
category of algebras (or in other words, for which 1y, = ng).

The Lazard ring L carries the universal formal group law F" € FGL(L), and LB
carries the universal strict isomorphism h: 0} (F") — nr(F"). Indeed, denoting CAlg,
the category of commutative rings, there are natural bijections for any commutative
ring R

CAlg, (L, R) — Obj(FGL(R)), f~ fr(F"),
CAlgy (LB, R) — Mor(FGL(R)), g+ g"(h): g"ni(F") = g"njp(F"),

and the structure maps of the groupoid FGL(R) are corepresented by the ring morphisms
given in (1) above.
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In particular, if F is a complex oriented ring spectrum, then there is a unique map
Op: L — FE, with 0g"(F") = Fg. Complex cobordism is complex orientable, with a
unique complex orientation x,. Let us denote Fyy the associated formal group law.

THEOREM 1.8 (Quillen, 1969). — The ring homomorphism Oyyp: L — MU, is an
isomorphism; in particular, Fyry is the universal formal group law.

This recovers Milnor’s Theorem 1.4 from Lazard’s computation of L. But there is
more: in fact, (M,, MU, MU) admits the structure of a Hopf algebroid; the structure
homomorphisms are given as follows:

ng, is induced by MU 2 MU ® S - MU @ MU ,
nr is induced by MU =S ® MU — MU @ MU ,
(2) A is induced by MU @ MU = MU @ S®@ MU — MU @ MU @ MU ,
€ is induced by the multiplication MU ® MU — MU , and
¢ is induced by interchange MU @ MU — MU @ MU .

Adams constructed an isomorphism ¢: 5 (Fuyu) — n5(Fuu)-
THEOREM 1.9 (Novikov, 1969; Landweber, 1967). — The pair of homomorphisms
(L, LB) "% (MU, MUMU).

where g: LB — MU.MU is caracterized by g*(h) = ¢, is an isomorphism of Hopf
algebroids.

This also recovers the computation of MU, MU by standard methods, given as
MUMU = MU,[by,bs,...| with |b;| =24,

but also provides formulas for the structure maps given in (2) of the Hopf algebroid
(MU,, MU, MU), see Ravenel, 2004, A2.1.16.

These theorems classify ring homomorphisms out of MU, and MU, MU. Adams
showed that one can also classify commutative ring spectrum maps out of MU.

THEOREM 1.10 (Adams, 1974b, Lemma 2.2.4). — Let E be a commutative ring spec-
trum. Then the correspondence

(f: MU = E) — f.(zyyu) € E*(CP™)

is a bijection between homotopy classes of ring spectrum maps MU — E and complex
orientations of E.

Remark 1.11. — Jack Morava’s program for studying the chromatic filtration of the
stable homotopy category was to relate it to the height filtration of the moduli stack of
(1-dimensional) formal groups, the chromatic height of a complex oriented cohomology
theory corresponding to the height of the associated formal group (law). This gives the
complex cobordism theory MU a central role in the chromatic perspective on stable
homotopy, and the (co-)homology theories used to detect periodicity are all derived from
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it, as for example the Morava K-theories K (n) introduced in Definition 2.1. Given a
graded ring endowed with a formal group law, the Landweber Exactness Theorem gives
a flatness condition for the construction of a complex oriented (co-)homology theory
having this ring as coefficients, with the same formal group law. Using spectral algebraic
geometry, Gregoric (2021) has recently proven that the category Sp is equivalent to a
category of ind-coherent sheaves on a non-connective moduli stack of oriented formal
groups, which has a filtration that recovers both the chromatic filtration of Sp and the
height filtration of formal groups.

After this incursion in complex orientations, we return to the Adams spectral sequence,
and consider a first, integral version of our second example, obtained from Theorem 1.1
by specializing to the case F = MU ; it has the form

A

(3) Ey' = Extyy yp (MU, MU.(X)) = m_s(X) .

Here, when X is connective spectrum, we have X = X , so that the spectral sequence
converges to m,(X). However, as usual in computations, it is more efficient to work
one prime p at a time, by localizing away from p, replacing MU with MU, see
Examples 3.8 in Section 3. The associated Hopf algebroid is just the localization away
from of (MU, MU,.(X)), with

MU(IU)* = Z(p)[xlﬁ T2, .. ] and MU(P)*MU(JD) - Z(p) [IEl,JIQ, .. .][bl, bg, .. ] .
The polynomial ring MU,  can be rewritten as
MUy, = Z v, 02, ... | @ Zya; |i # p* — 1 Yk > 1]

with |v;| = 2p’ —2. Brown and Peterson (1966) defined a (p)-local ring spectrum denoted
BP, and showed that there is a splitting of MU, into a sum of infinitely many shifted
copies of BP. More precisely, we have

MUy, = @s™BP,
Ty

where the sum is indexed by the Z (,)-module monomial generators z; of the second ten-
sor factor above. The ring-spectrum BP is homotopy commutative, and the associated
Hopf algebroid has coefficients

BP*:Z(p)[Ul,Ug,...] and BP*BP:BP*[tl,tQ,] |tl|:2pl—2

See Ravenel, 2004, A2.1.27 for a description of the structure homomorphisms.

This splitting implies that the (co-)homology theories MU,y and BP will capture
the same information on the structure of the category of spectra, or in more precise
terms that the MU,)-based and BP-based localization functors are equivalent.

We also have a universal property of the Hopf algebroid (BP,BP, BP,), analogous
to Theorem 1.9 and the discussion preceeding it.
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ProPOSITION 1.12 (Ravenel, 2004, Theorem A2.1.27). — The Hopf algebroid
(BP.BP, BP,) corepresents the groupoid of p-typical formal group laws and their strict
isomorphism over a Z (,-algebra.

See Ravenel (2004, A2.1.22) for the definition of p-typical formal group laws. Cartier
(1967) proved that any formal group law over a Z (,-algebra is canonically strictly iso-
morphic to a p-typical one. We now have a (p)-local version of the spectral sequence (3),
first constructed by Novikov (1969).

DEFINITION 1.13. — For any spectrum X, there is a natural spectral sequence
Ey" = Extyp, pp(BP., BP.(X)) = Ti—s(X(p)),

which converges for X connective. It is called the Adams—Novikov spectral sequence
of X.

This spectral sequence is sparser than the classical Adams spectral sequence 1.3;
in fact the Adams—Novikov FEs-term corresponds to the abutment of spectral sequence
whose Fa-term is the classical Adams spectral sequence (Miller, 1981). Note that despite
the nice structure of the algebras (MU,, MU, MU) and (BP,, BP,BP), the Ext-terms
above are nevertheless tedious to compute. In fact, the structure maps g, A and c as
in (2) are not given by explicit formulas; they are characterized by equations that require
inductive computations on the algebra generators, see Ravenel, 2004, A2.1.16/27.

Miller, Ravenel, and Wilson (1977) introduced a first notion of chromatic filtration
of the stable homotopy groups 7,(S). The motivation, also inspired from ideas of Jack
Morava, was to understand how periodic families in m,(S), such as the «,  and ~
families mentioned in the introduction can be detected in the Adams—Novikov spectra
sequence

B3 = Extyp, pp(BP., BP.) = mi_i(S),

In fact, these author show that the above Fs-term admits a filtration the layers of which
consist of v,-periodic classes. It is obtaining by splicing together inductively defined
short exact sequences of BP,BP-comodules

(4) 0— N"— M"— N -0,

starting with N° = BP, and defining M™ := N"[v;']. Here, as usual, vy = p. In
particular, we have

M° = BP,ju;']=BP.®Q and N'=BP.®Q/Z = BP./p™,

and by induction M™ = BP,/(vy, ..., v ,)[vyt]. Abbreviating Ext}p 5p(BPs, —) to

) ¥n—1
Ext*'(—), and applying this functor to the short exact sequence (4), we obtain a long
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exact sequence represented by a triangle in the diagram below; splicing this triangles
we obtain an (unrolled) exact couple

6 e Bt (V) s Ext™ (V) —— Ext™ (Vo)

e

Ext® 2*(M?) Ext*'* (M) Ext®*(M°)

DEFINITION 1.14 (Miller, Ravenel, and Wilson, 1977). — The chromatic spectral
sequence is the spectral sequence associated to the exact couple (5). It is a tri-graded
spectral sequence with signature

EPt = ExtE}*Bp(BP*, M") = EXt%JJFDi]tBﬂBP*, BP,),

Heuristically, the top line of the above unrolled exact couple gives a descending
filtration of Extyp pp(BP., BP,), the n-th piece of which is the (vy, ..., v,_1)-torsion
subgroup. This converges to a filtration of 7, (S, ) that is called by Ravenel the algebraic
chromatic filtration. A more precise and general form of this filtration will be given
below, see 4.8.

2. The Periodicity Theorem and Telescopes

To state the next theorem we need to introduce the (co-)homology theories known
as Morava K-theories. They were introduce by Jack Morava (unpublished), see for
example Johnson and Wilson, 1975 for a published account. Fix a prime p, and let
the map v, : X/""IS — BP represent the class v, € BP,. For any BP-module, we also
denote v,, the map obtained as

Shnlpf = 2lnls o M 2N BPpo M — M,

and we denote M /v, its cofiber. Using this, we can iteratively define BP/(vy,, ..., v;,)
for chosen v;’s, and using a colimit, we can also define BP/(v;,,v;,,...) for a possibly
infinite sequence of v;’s. Since the v; act injectively on BP,, we deduce that

(BP/(UiO,Uil,...))* = BP*/(’UiO,UZ‘l,...)

DEFINITION 2.1. — Let p be a prime and n € N. The 0-th Morava K-theory spectrum
is defined as K(0) = HQ. The n-th connective Morava K-theory is defined as k(n) =
BP/(v;|i # n). The n-th Morava K-theory is defined as the colimit

K(n) = k(n)[v, ] = colim(k(n) = B-1elg(n) 22 5-20lk(n) 22 ).

It is common to designate by K(co) the mod (p) Eilenberg-Mac Lane spectrum
HF,. We summarize the main properties of the Morava K-theories K (n) in the next
proposition.
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DEFINITION 2.2. — A spectrum Y s called finite if it is a finite cell S-module, or
equivalently if it is a (de-)suspension of a spectrum of the form X°W for a finite
pointed CW-complex W. A spectrum X is called a finite p-local spectrum if there is a
finite spectrum Y and a map n: Y — X inducing the localization away from (p) in any
generalized homology theory: n.: E.(Y) = E.(X) = E.(Y) ® Z . In other words, X
is the (p)-localization of a finite spectrum in the sense of Example 3.8-1.

PROPOSITION 2.3. — Let p be a prime and n € N.

1. By definition, K(0). = Q concentrated in degree 0, and for any spectrum X and
any p, K(0).(X) s the rational homology of X.

2. If pis odd and n > 1, K(n) has a unique homotopy commutative MU -algebra
structure; it has a non-unique MU -algebra structure at the prime 2. Its coefficient
ring forms a (graded) field over F,:

K(n). =TF,[v,, v,

n

'l with |v,| =2p" —2.

3. Forn > 1, K(n) is complex-oriented, and its formal group law is the Honda formal
group law with p-series [p](x) = v,zP".

4. There is a Kiinneth isomorphism K(n).(X ®Y) = K(n).(X) ®km), K(n).(Y).

5. Let X be a finite, non-trivial spectrum. Then K(n).(X) # 0 for n large enough.
Moreover, for alln > 1,

(K(n).(X) =0) = (K(n—1).(X)=0).

The MU-algebra structure was constructed by Strickland (1999); Point 5 is proven
in (Ravenel, 1984, Theorem 2.11). The other properties are established for example
in (Johnson and Wilson, 1975) and (Wirgler, 1991).

DEFINITION 2.4. — Let X be a finite (p)-local spectrum. We say the X is of type n if
n is the smallest integer such that K(n).(X) # 0. If X is trivial, we say it has type co.

Note that because of Proposition 2.3, Point 5, if X is non-trivial, then it is of type n
for some n € N, and we have K(m).(X) = 0 for all m < n, while K(m).(X) # 0 for
all m > n.

PeriopIiCITY THEOREM 2.5 (Hopkins and Smith, 1998). — Let X and Y be finite,
(p)-local spectra of type n.

1. There exists k > 1 and self-map f: SH X — X such that K(n).(f) is an iso-
morphism, and K(m).(f) =0 for m > n. Such a map is called a v,-self-map of
X.

2. Suppose further given a v,-self-map g: Y =Y of Y, and a map h: X =Y.
Then there are iterated compositions f* of f and ¢’ of g, with ik|v,| = jl|v,| = m,
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such that the following diagram commutes up to homotopy:

smx 2 sy

b

X —" sy
Note that above, and in the sequel, with f a v,-self map of X, we also denote by f
the map X%l f for any ¢ € Z. The iterates f*: %*lnlX — X are non trivial for any
i € N, since K(n).(f") is non-trivial.

DEFINITION 2.6. — Let X be a finite, (p)-local spectrum of type n, and let f be a
vp-self map of X. The colimait

colim(X L Skl x Ly m2klenl x Ly

is called the telescope of X, and is denoted by X|[f~'] or Tel(X).

Remark 2.7. — Note that the natural map X — X[f™!] is non-trivial, since it is an
isomorphism in K (n).-homology, while K (m).(X[f™!]) = 0 for m # n. Also, note that
by Point 2 of the Periodicity Theorem 2.5, taking h to be the identity of X, we see that
up to iterations f is unique, so that X[f~!] does not depend on the choice of f. This
justifies the notation Tel(X) = X[f~!].

Remark 2.8. — Let us comment on the name “telescope” for this colimit, which gave its
name to Ravenel’s conjecture. Depending on the setting used, it is necessary to ensure
that the colimits as in the above definition are homotopically meaningful. Classically,
this is done by requiring the maps in the direct system be cofibrations. Here is an
example: a map of spaces f: X — Y can be replaced by a cofibration up to homotopy,
using the cylinder construction: take

Cyl(f) = (X x [0, 1] IT Y)/ ~

with the quotient topology, where the quotient is taken using the equivalence relation
generated by (z,1) ~ f(z) for all x € X. Then the inclusion i: X — Cyl(f) given
by x +— [(x,0) is a cofibration, and f factors as q o i, where ¢: Cyl(f) — Y is the
homotopy equivalence that compresses the cylinder onto Y. Then sequential homotopy
colimits can be realized by splicing such cylinders, which resembles a telescope in the
astronomical sense.

Ezample 2.9. — 1. Let Sy, be the (finite) (p)-local sphere spectrum. We have
K(0):(Sp) = HQ.(Spy) = Q # 0, so Sy is of type 0, and by the Periodic-
ity Theorem it admits a non-trivial vg-self-map fo: Sy — S(). An example of
such is given by the multiplication by p (or any non-trivial power of p, up to a unit
in Z () ); it sits in a cofiber sequence

Sw) = Sy — S/p — TS ,
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and induces the multiplication by p on K(m).(S(,)) for all m > 0. In particular, it
is an isomorphism for m = 0 and is zero for m > 0. This shows that it is a vg-self
map. By Serre’s Theorem, we have Tel(S(,)) = Sy [p~'] = HQ.

2. Denoting V(0) the (p)-local spectrum S/p, we deduce from the cofiber sequence
above that K(0).(V(0)) = 0, and if m > 0, K(m).(V(0)) = K(m). ® K(m){e}
for a class ¢ € K(m)_1(V(0)). This implies that V'(0) is of type 1, and by the
Periodicity Theorem it admits a v;-self-map f;: Z*"11V(0) — V(0). Such a map
with & = 1 was constructed by Adams at odd primes p, and Mahowald showed
that £ = 4 is the smallest value at p = 2 for which such a self-map exists. This
vy-self-map now sits in a cofiber sequence

sHaly (0) L5 v(0) — V(0)/fi — SV (0).

The homotopy groups of Tel(V(0)) were computed by Miller for p odd, see Theo-
rem 5.8.

3. Arguing as for V(0), using the cofiber sequence just above, we deduce that
S/(p, f1) = V(0)/f1 is of type 2, with K(m).(V(0)/f1)) of rank 4 over K(m).,,
and thus admits a ve-self-map. We can proceed by induction to construct, for all n,
a finite (p)-local spectrum S/(fo,..., fn_1) of type n. The associated telescope
Tel(S/(fo, - -, fu_1) remains very mysterious for n > 2, in particular its homotopy
groups are not known.

DEFINITION 2.10. — Let p be a prime. We abuse notation and denote

T(n) = Tel(S/(fos -, fo-1)

where S/(fo, - -, fn_1) 18 a finite (p)-local spectrum of type n as given in Example 2.9
We now generalize the notion of a Moore spectrum V'(0) used above.

DEFINITION 2.11. — Let p be a prime and n € N. A Smith-Toda complex V(n)
is a finite, (p)-local spectrum of type n of the form S/(fo,. .., fu_1), where f; induces
multiplication by v; in K(1).. Equivalently,

BP,(V(n)) = BP./(vo, ..., Un-1) -

The question of their existence is a difficult one; for example, V(1) does not exist at
the prime 2.

The Periodicity Theorem provides a notion of chromatic filtration of the homotopy
groups of a (p)-local spectrum Y. Let y € m(Y) be a class represented by a map
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¥*S(py — Y. Consider the diagram below.

y f
(6) }ii— ZkS(p) o EkS(zo)

w W) < shw(0)

W(1) <2 sk (1)

Here fj is some vo-self-map of S,y and W (0) = S/ fo; one continues so inductively, with
W(n) =S/(fo,..., fn), which is of type n + 1, and f,41 is a v,41-self-map of W (n),
as detailed in Example 2.9. Obviously, the class y € m(Y) is p-torsion if it is 0 when
precomposed with some vg-self-map fy of EkS(p), or alternatively, if it factors through
W (0); otherwise, it is non-p-torsion (or “vg-periodic”). This is generalized to v,,-torsion
in the following definition.

DEFINITION 2.12. — Let Y be a (p)-local spectrum, and y € m(Y). The class y is said
to be a (vo, . ..,v,)-torsion class if it factors through W(n) in the diagram (6) for some
choices of fo, ..., fn. If furthermore is does not extend over W(n+ 1) for any choice of
fnit, it is called a v,y i-periodic class. We have a descending filtration by subgroups

e C FQ(Y) C Fl(Y) C FU(Y) C W*(Y)>

where F,(Y) is the subgroup consisting of (vo,...,v,)-torsion classes. We call it the
(geometric) chromatic filtration of m,(Y").

Here is a first form of the Telescope Conjecture, we will state it in more general form
below (4.11)

TELESCOPE CONJECTURE - FIRST FORMULATION 2.13. — The algebraic and geo-
metric chromatic filtrations of the homotopy groups of the (p)-local sphere spectrum (or
of a finite (p)-local spectrum) agree.

3. Bousfield Localization

DEFINITION 3.1. — Let E be a spectrum, and E, the associated homology theory.

1. A spectrum W is called E-acyclic if E.(W) = 0.
2. A map f: A — B is called an E-equivalence if E.(f): E.(A) — E.(B) is an
isomorphism.

3. A spectrum X is called E-local if for any E-acyclic spectrum W we have [W, X| =
0.
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4. A Bousfield localization with respect to E is a natural transformation ng: id — Lg
of functors ho(Sp) — ho(Sp), such that for any spectrum X,
(a) the spectrum Lg(X) is E-local, and
(b) the map ng x: X — Lg(X) is an E-equivalence.

It follows immediately from the definition that if such a localization ng: id — Lg
exists, then for any spectrum X, ng x is terminal among EF-equivalences out of X, and
initial among maps out of X to an E-local object. In particular, it is unique.

THEOREM 3.2 (Bousfield, 1979, Thm 1.1). — For any spectrum E, there ezists a
Bousfield localization functor ng: id — Lg.

For any spectrum X, we observe that X is F-acyclic if and only if Lg(X) = 0. We
denote by ker(Lg) the full-subcategory of spectra X with Lg(X) = 0.

Note that in Definition 3.1, the notion of F-equivalence, and hence of E-local objects
and FE-localization, depend only on the class of E-acyclic spectra, not on the spectrum
E itself; indeed, a map is an F-equivalence if and only if its cofiber is E-acyclic. For
example, the spectra F and E @ E have the same class of associated acyclic objects,
thus the localization functors Lg and Lgep are naturally equivalent. This motivates
the following definition.

DEFINITION 3.3. — Two spectra are called Bousfield equivalent if they have the same
class of acyclic objects. The Bousfield equivalence class of a spectrum E is denoted (E').
We define a partial order relation on Bousfield classes as follows: (F') < (E) if and
only if the class of F-acyclic spectra contains the class of E-acyclic spectra.

Intuitively, the larger the Bousfield class of E is, the more information on X will be
captured by the localization functor X — LgX. The following lemma states this more
precisely.

LEMMA 3.4. — Suppose (F') < (E). Then any F-local spectrum is E-local, and for
any spectrum X, npx: X — LpX factors uniquely as

nE,x

There are equivalences Lp X ~ LpLgX ~ LgLpX.

The following useful results shows how to reconstruct Lggp from Lg and Lg, in good
cases, see for example (Antolin-Camarena and Barthel, 2022, p. 3.3) for an account.

PROPOSITION 3.5. — Suppose E and F' are spectra such that LgLr = 0. Then for any
spectrum X there is a homotopy cartesian square

Lper(X) ——— Lr(X)

| J
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If M is a Z-module, and R C QQ is a subring, the R-localization of M is just given
by M — M ®z R. Some localization functors on spectra have a similar property.

ProPOSITION 3.6 (Ravenel, 1984, Proposition 1.27). — Let E be a spectrum. The
following conditions are equivalent.
1. (E) = (LgS);
2. For any spectrum X, the natural map Lg(S) @ X — Lg(X) is an equivalence. In
particular,
X=S®X "8 LuS) 0 X
is a Bousfield localization with respect to E.
3. The functor Lg commutes with colimits.

DEFINITION 3.7. — A spectrum E, or the associated E-localization functor Lg, is
called smashing if it satisfies the equivalent conditions of Proposition 3.6.

The following examples are taken from (Bousfield, 1979), which contains many more.

Ezample 3.8. — 1. Let p be a prime. The (p)-localization functor is the localization
with respect to S,y (which is the telescope inverting all primes different than p). It
is a smashing localization. It is usually denoted by X(,) = Ls, (X), and we have

7T*(X(p)) =m(X) ® Z () -

2. Let p be a prime. The p-completion functor is the localization with respect to
V(0) =S/p. It is usually denoted X, := Ly )(X) or X' It is not smashing. For
a spectrum X, we have a splitable short exact sequence

0 — BExty, (Z /p™, 7 (X)) — 7a(X,) — Homg (Z /p™, 7, 1(X)) — 0.
If the groups 7, (X) are finitely generated, then
r(X,) = m(X) & 7.

3. If E is a connective ring spectrum with Ey = Z (or Ey = Z ), and if X is a
connective spectrum, then Lg(X) = X (respectively Lg(X) = X().

Miller (1992) introduced a variant of Definition 3.1, where the condition for being
E-local is tested only against finite spectra.

DEFINITION 3.9. — Let E be a spectrum, and E, the associated homology theory.

1. A spectrum X 1is called finitely E-local if for any finite, E-acyclic spectrum W we
have [W, X] = 0.

2. A spectrum Y is called finitely E-acyclic if [X,Y] = 0 for any finitely E-local
spectrum X .

3. A map f: A— B is called a finite E-equivalence if its cofiber is finitely E-acyclic.

4. A finite localization with respect to E is a natural transformation ng: id — LJ,; of
functors ho(Sp) — ho(Sp), such that for any spectrum X,

(a) the spectrum LL(X) is finitely E-local, and
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b) the map ng x: X — LL(X) is a finite E-equivalence.
b E

THEOREM 3.10 (Miller, 1992, Thm 4, Prop 9). — For any spectrum E, there exists a
finite localization functor ng: id — Lé. Moreover this functor is smashing.

Note that the proposition corresponding to Proposition 3.5 for finite localizations also
holds.

Since we have ker(L%,) C ker(Lg) by definition, we deduce the existence of a unique
natural transformation Lg — L such that for any spectrum X, we have a factorization
of Ne,x : X — LE(X) as

(7) XEAIX — LpX.

4. The Telescope Conjecture

Using these localizations, it is now possible to introduce spectrum-level chromatic
filtrations that realize the chromatic filtrations of homotopy groups introduced above.
Again, the main player is the Brown—Peterson spectrum BP. If we are interested in
studying only the vy, ..., v, related torsion and periodicity phenomena, an appropri-
ate theory is the Johnson-Wilson spectrum F(n), constructed from BP by the same
procedure as for the Morava K-theories. It has coefficients

En), =Z ylv, ...  Una [V
PROPOSITION 4.1 (Ravenel, 1984, Theorem 2.1). — There are equivalences of Bousfield
classes
(BP[v;']) = (E(n)) =(K(0) ® K(1) @ --- @ K(n)).
DEFINITION 4.2. — The functor

Ln = Lgm) = Lgppsy) = Lr©e-okx)
is called the n-th chromatic localization functor, and the functor

Lh=0r., =1 =L}

E(n) BP[v, Y] (0)®--@K(n)

s called the n-th chromatic finite localization functor.
Remark 4.5. — Note that by Proposition 2.3, point 5, we have L = Lé(n).

The localizations L] and L, are smashing (Definition 3.7). This is generic for finite
localizations, but for L,, it is a more surprising, deep result: for example, the localizations
Lk are not smashing for n > 1.

ProposITION 4.4 (Miller, 1992, Proposition 9). — Any finite localization functor is
smashing.

SMASH PropucT THEOREM 4.5 (Ravenel, 1992a, Prop 7.5.6)
For any n € N, the functor L, is smashing.
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The functors L! are closely related to telescopes, as highlighted in the following result;
for this reason they are sometime called the telescopic localizations. Recall the notation
T'(n) introduced in 2.10.

PROPOSITION 4.6 (Mahowald and Sadofsky, 1995; Miller, 1992)

Let n € N. For all m we have (T'(m)) > (K(m)), and hence (T'(0)®---®T(n)) >
(K(0)® ---® K(n)). The natural map Lroye..orm) — Lr©o-okxm) = Ln factors
through an equivalence

L)oot — L]

Remark 4.7. — 1t follows from the above result that (7°(0) & --- @& T'(n) ) depends only
on n and not the choices of the telescopes T(i), since it is equal to ker(L/). In fact,
Mahowald and Sadofsky (1995, Lemma 2.1) show that (7'(n) ) depends only on n.

We have therefore two competing notions of “chromatic filtrations” of a spectrum X,
given by the towers

- X > LIX > LIX -5 L{X and
Xooo o Lo X - 11 X — LyX.
These also induce filtrations of the homotopy groups of X,
S GH(X) € GI(X) CG(X) S m(X)
with G/ (X) :ker( «(X) = m (LX), and
- € Ga(X) € Gi(X) € Go(X) € mu(X)

with G,(X) = ker( (X) = m(La X))

By the factorization (7)
(9) X - LIX - L,X,
we have

GI(X) C Gu(X) forallneN.

DEFINITION 4.8. — For a (p)-local spectrum X, the filtration {G,(X)}, is called
the algebraic chromatic filtration, and the filtration {GI(X)}, is called the geometric
chromatic filtration.

PROPOSITION 4.9 (Mahowald and Sadofsky, 1995, Proposition 4.1)
Let X be a spectrum. The filtrations {G(X)}, in 4.8 and {F,(X)}, in 2.12 coincide.

This is related to the following result.

PropoOSITION 4.10 (Miller, 1992, Proposition 14). — Let X be a finite, (p)-spectrum
of type n, and f be a v,-self-map of X. Then the natural map X — LI (X) factors
through an equivalence X [f~'] — LI (X).
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Ravenel (1987) shows that in the construction of the chromatic spectral sequence 1.14,
the resolution (4) can be realized inductively, using Ny = S and M,, := L,(N,,), so that
BP,(N,) = N" and BP,(M,) = M", and that the algebraic filtration of 7,(S(y)
defined by means of the chromatic spectral sequence as in Definition 1.14 agrees with
the filtration {G,(S(y))}» given above.

We can now state the Telescope Conjecture 2.13 at spectrum level.

RAVENEL'S TELESCOPE CONJECTURE 4.11. — The natural map L{ — L, is an
equivalence for alln € N.

Remark 4.12. — Note that since these localizations are smashing, the Telescope Con-
jecture is equivalent to the statement that for all n € N, the map

LI(S) = L,(S)

is an equivalence. In that sense, the Conjectures 2.13 and 4.11 are equivalent.

The Telescope Conjecture holds for n = 0 and n = 1, as we will sketch in the next
section. If the Conjecture holds for n — 1, it will hold for n if and only the following
equivalent statements hold. Note that item 3 in the proposition below is Ravenel’s
original formulation as Ravenel, 1984, Conjecture 10.5.

PROPOSITION 4.13 (Mahowald, Ravenel, and Shick, 2001, Proposition 1.13)
For each prime p and n € N, let X be a chosen finite (p)-local spectrum of type n.
The following statements are equivalent.

1. If Lfl,l — Ly, is an equivalence, so is LI — L,;

2. The natural map Tel(X) — L)X is an equivalence;

3. (T'(n)) = (K(n)), i.e. the natural map Lyuny — Lk is an equivalence;
4. The Adams—Novikov spectral sequence for Tel(X) converges to m.(Tel(X)).

This Conjecture is appealing, since it equates the “geometric” and “algebraic” chro-
matic filtrations. The first one is the one we are most interested in, since it precisely
captures the v,-torsion and periodicity phenomena in homotopy; however, it remains
mysterious and incomputable.

On the other hand, there are well established strategies to evaluate the second. Indeed,
if X is a finite (p)-local spectrum of type n, the Adams—Novikov-spectral sequence 1.13
for Tel(X) converges to m.(L,X), and thus, if the Telescope Conjecture holds, will also
converge to m, (L (X)) = m.(Tel(X)), see Ravenel, 1992b. Note that Tel(X) is not
connective, so convergence of the Adams—Novikov spectral sequence need not hold (and
indeed fails for n > 2, by failure of the Telescope Conjecture).

For the sphere spectrum S, there is an iterative approach to compute L,(S) (and
thus L, X for any spectrum X, since L,, is smashing). It uses the following version of
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Proposition 3.5: for n > 1, using Lk ) L,—1 = 0, the homotopy cartesian square

(10) Lo(X) ———— Ly_1(X)

J J

L) (X) — La-1(Lkw) (X))

is called the n-th chromatic fracture square. We also have a corresponding square
relating L, L] | and Lr(ny. Assuming that L, _(S) (or L _1(S)) is known, it remains
to evaluate L) (S) (resp. L) (S)) to determine L, (S) (resp. LL(S)).

One approach that has been successfully applied for low values of n (see for example
Goerss, Henn, Mahowald, and Rezk, 2005) relies on Morava’s E,, theory (Morava, 1985),
with coefficients

By = W(Fp)[[us, -t ]J[u™]

with |u;| = 0 and |u| = 2, and where W (IF,») denotes the Witt-ring of F,n. It is a commu-
tative, complex oriented and K (n)-local ring spectrum. The ring W (Fpn)[[u1, . . ., tp—1]]
is the Lubin—Tate deformation ring (Lubin and Tate, 1966) of the p-typical, height n
Honda formal group law H,, over [F,». The extended Morava stabilizer group G, is the
automorphism group of H,,. It is a profinite group that acts in a continuous sense on F,,,
and one can take continuous homotopy fixed-points.

THEOREM 4.14 (Devinatz and Hopkins, 2004). — There is an equivalence
LK(n)(S) ~ EZG" .
In particular, there is an associated continuous homotopy fixed-points spectral sequence

Ey' = H (G, m(Ey)) = T—s(Lrm)(S)) -
The following Theorem is another interesting feature of the L, localization tower.

THEOREM 4.15 (Ravenel, 1992a, Chromatic Convergence Theorem 7.5.7)
For a (p)-local finite spectrum X, the chromatic tower

converges in the sense that X =~ lim, (L,(X)).

It is unknown if the corresponding result for the tower
X = LX) = L{(X) = L{(X)

holds; however, we know from the factorizations (9) and the above Theorem that, if X
a (p)-local finite spectrum, then X is a direct summand of lim,, (L7 (X)).
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5. The cases of height zero and one

In this section we outline why the Telescope Conjecture holds in the cases of height 0
and 1. Along the way we will also illustrate several of the results stated above.

The case of height 0 follows from classical results on the (unstable) homotopy groups
of the spheres S™.

THE HUREwiczZ THEOREM 5.1. — The group m,(S™) is trivial for m < n, and
T (S™) =2 Z, generated by id: S™ — S".

THE FREUDENTHAL SUSPENSION THEOREM 5.2. — The suspension homomorphism
1
0 Tk (S™) = Ty (8™

is an isomorphism if n > k + 1, and a surjection forn =k + 1.

THE SERRE FINITENESS THEOREM 5.3. — For all k,¢ € N, the homotopy group
7:(SY) is a finite abelian group, except in the following cases:

7 if £ =/, and

7 @ Fy, ifliseven and k=20 —1,

where Fy denotes a finite abelian group.

From Freudenthal’s Suspension Theorem 5.2, we see that the k-th homotopy group
7k(S) of the sphere spectrum can be computed by the isomorphism

T k(S™) = colim (41 (S™) = T kg1 (S™) =25 -+ ) = k()

whenever n > k+1, since the ¢’s in the colimit are all isomorphisms for these values. We
then have the following corollary of Hurewicz’ Theorem and Serre’s Finiteness Theorem.

COROLLARY 5.4. — The homotopy group m(S) is trivial if k < 0, is isomorphic to Z
if k=0, and is a finite abelian group if k > 0.

The (p)-local sphere spectrum S, can be constructed as the telescope over all primes
q # p; it is of type 0, see Example 2.9.1, and it admits the periodic vy-self-map given
by the multiplication by p. In particular, we deduce that Tel(S,) is obtained from S
as a telescope inverting all primes. Therefore

Tel(S)) = colim(S Ls2As3 .

and
m(Tel(Sp))) = colim(m(S) = m(S) 5 m(S) > --+) =m(S) ® Q..

Thus from Corollary 5.4 we deduce the following proposition. Since K(0) = HQ by
definition, this settles the case n = 0 of the conjecture.
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COROLLARY 5.5. — The group m,(Tel(S(,))) is 0 for k # 0, and isomorphic to Q for
k =0. In particular, the unit map Sqy — HQ factors through an equivalence

Tel(S(p)) i} HQ .

In other terms, Ravenel’s Telescope Conjecture holds for n = 0.

We now turn to the case n = 1. Since the Conjecture holds for n = 0, and since S/p
is a finite (p)-local spectrum of type 1, by Proposition 4.13, it suffices to show that the
natural map

Tel(S/p) = Lk)(S/p)

is an equivalence. We can first compute Lx1)(S) by applying Theorem 4.14 to the n = 1
case,

(11) LK(l)(S) ~ E?Gl .

Here E; is the p-completed periodic complex K-theory spectrum KU, with coefficients
(KU, = Zpu*], Ju| = 2 (note that W(F,) = Z,). The first Morava stabilizer
group Gy is isomorphic to the p-adic units Z ;, where k € Z ; acts on KU, via the
p-adic Adams operation

Y KU, — KU,.

Here 4" is a map of ring spectra, that can be evaluated on coefficients by the formula
P (u) = ku.

Such operations were first constructed by Adams for £ € Z on the complex K-
theory group KU°(X) of a space, by using the definition of the group KU°(X), for a
suitably finite space X (a finite C'W-complex), as the group completion of the monoid
of isomorphism classes of finite dimensional complex vector bundles on X, with the
direct sum. The Adams operations were then extended to the stable (spectrum level)
p-adic Adams operations above, see for example (Atiyah and Tall, 1969).

In the sequel, we concentrate on the case where p is an odd prime, since there are
some differences with the case p = 2. The group Z is topologically generated by any
element k € Z ) that reduces to a generator of (Z /p*)*. For such k, the homotopy

X

fixed points spectrum K UZIJ “r s equivalent to K U;}<k>, where (k) = 7 is the (discrete)

X

subgroup generated by k. It follows that K U;L %7 is the homotopy equalizer of the maps
YF and id from KU, to itself; equivalently, it fits in a cofiber sequence

(12) KUY — KU, " KU, .

ki
Remark 5.6. — The fiber of KU, i O e U, is usually called the p-complete J-spectrum,
since it is closely related to the image of the stable j-homomorphism j: m,(O) — 7.(S)
introduced by G. W. Whitehead, whose image was determined by Adams and Quillen.
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It is then easy to evaluate the long exact sequence in homotopy associated to the
fiber sequence (12), using the formula (1* — id),(u™) = (k" — 1)u™ and the formula
vp(n) +1 if (p — 1) divides n,

0 otherwise

(13) oy (K" — 1) = {

(for k a topological generator of Z ), where v,: Z — N U {oco} is the p-adic valuation.
We obtain the following computation:

Z, ifn=0,—1,
(LK) (S)) = WH(KUSZ") =7 prtmFLif = 2(p — 1)m — 1, and
0 otherwise.

Note that the p-torsion groups above precisely correspond to those given by the {ay }-
family in Theorem 0.2, which is detected by S — Lx1)(S) .

Remark 5.7. — Notice that we deduce from the above formula that
Q, itn=0,-1,

Tn (L) Lr)(S)) = mn(Lrq)(S)) = .
0 otherwise.

In particular, we have an equivalence Lk ) Lg1)(S) =~ HQ,® E*IHQP. On the other
hand, from Corollary 5.4, we know that Ly(S) ~ HQ. Using the first chromatic fracture
square (10), we can also evaluate L;(S):

Z(p) ifn:(),

0 ifn=-1,
(L1 (S)) = . .

Z/p if n = -2,

Tn(Lra)(S)) otherwise.

This appears in Ravenel, 1984, Theorem 8.10. Notice that the isomorphism (L1 (S)) =
Z () corresponds to the following pull-back square of ordinary rings

Ly —Q

|

Z,—— Q »
which is the (p)-local version of the classical arithmetic square.
From the cofiber sequence (12), we deduce a cofiber sequence

k_j
Liy(S/p) — KU/p = KU/p,

and using the formulas given in (13), we see that we have an isomorphism of graded
rings

(L) (S/p) = Fplvi'] @ E(e)
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where |¢| = —1, E(e) denotes the exterior (or square-zero) F,-algebra on the generator ¢,
and where we have used the relation u?~! = v; (see 5.11).

In his work on the image of the j-homomorphism, long before the proof of the
Periodicity Theorem2.5, Adams (1966) showed the existence of a periodic v; self-map

Elvl‘S/p N S/p

at an odd-prime, using detection in complex K-theory. Before the Telescope Con-
jecture was formulated, Miller (1981, Theorem 4.11) computed the homotopy groups
of Tel(S/p) = S/p[vy'] using a localized Adams spectral sequence, and proving its
convergence. Combined with the evaluation 7,(Lk1)(S/p)), this implies the following
result.

THEOREM 5.8 (Miller). — Let p be an odd prime. The natural map S/p — Lkq)(S/p)
induces an equivalence

S/plvit] =~ Lk (S/p) -
In particular, the Telescope Conjecture holds at height 1 for odd primes.

In contrast, at the prime 2, there is a v;-periodic self-map
’U4
¥°S/2 — S/2,

but no lower powers of v; can be realized. Mahowald (1981, Theorem 6.3) computed
7.(S/2)[v;*]; with a computation of L 1)(S/2) by methods closely related to the odd-
primary case above, this implies the following result.

THEOREM 5.9 (Mahowald). — The Telescope Conjecture at height 1 holds for the
prime 2.

In the above discussion, we could have worked also with a “subring” of KU, known
as the Adams summand L. Note that the mod p reduction map of Z; fits in a short
exact sequence

1= (1+pZ,) > Z,; —F;—1
which splits by including F’ as the subgroup A of (p — 1)th roots of unity.
DEFINITION 5.10. — Let p be an odd prime. The commutative ring spectrum
L=KU¥*

is called the (p-complete, periodic) Adams summand of KU,.

PROPOSITION 5.11 (Adams, 1969, Corollary 4.8). — The coefficients of L are given
by L, = Zp[vfﬂ], and the ring spectrum map given by the inclusion of fixed-points
L — KU, induces the homomorphism

L,— KU, v — uPl
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The specrum KU, spilts as an L-module into a sum

p—2
KU,=6&p Y2
i=0
Remark 5.12. — From the above result, we deduce that KU;Z; o~ (KU;A)h(Zg/A) ~
LMI+PZy) - Ag above, if k is a topological generator of 1+ pZ p, for example k = 1+ p, and
if Z = (k) C (1+pZ,) acts on L by the Adams operation ¢*, we have the reformulation
of (11) given by
LK(l)(S) ~ LhZ .
DEFINITION 5.13. — The connective Adams summand s the 0-connective cover of L,
denoted £, with coefficients {, = Z ,[v1]. The action of Z on L discussed above restricts

to an action on £, and the homotopy fixed points spectrum
th

is the the (—1)-connective cover of L"* ~ Lgc1)(S).

6. The counter-example at height two

At any prime, the Telescope Conjecture 4.11 fails at all heights larger or equal to 2.
The next Theorem offers the first disproof by exhibiting an explicit counter-example.
Hereafter the article Burklund, Hahn, Levy, and Schlank (BHLS) will be mentioned as
BHLS.

THEOREM 6.1 (BHLS, Theorem A). — Let p be any prime and n > 1. For any k > 0,
the spectrum
Ly (K(BP(n)""*))
is not K(n + 1)-local. In particular,
(T(n+1)) z (K(n+1)),
and the Telescope Conjecture fails at height n + 1.

Here BP(n) = BP/(vnt1,Unt2, ... ) is a BP-algebra with coefficients
BP(n), =Zyv,..., v,

with a specific action of Z by an analog of Adams operations, and K (X) denotes the
algebraic K-theory of a ring spectrum X. Below, we will give a sketch of the proof of
this theorem in the simplest case, when n = 1 and p > 7. Before that, let us briefly
introduce the algebraic K-theory functor, and indicate some of the features that made
it a successful source of counter-examples for the Telescope Conjecture.

Algebraic K-theory is a functor

K: Alg(Sp) — Sp
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from structured (or A.) ring spectra to spectra; if the input is a structured commutative
(or Eo) ring-spectrum, so is the output, and algebraic K-theory thus specializes to a
functor

K: CAlg(Sp) — CAlg(Sp).

When applied to the Eilenberg-Mac Lane spectrum of an ordinary ring R, mo(K(R))
coincides with Grothendieck’s group Ky(R), and its first and second homotopy groups
correspond to classical algebraically defined invariants. Quillen (1973) gave the first
definition of higher algebraic K -theory, where the n-th K-theory group K, (R) is defined
as the homotopy group of a connective spectrum K (R). Grothendieck’s group Ky(R) it
obtained from group-completing the monoid of (isomorphism classes) of finitely gener-
ated projective R-modules, with the direct sum. In an informal sense, higher algebraic
K-theory corresponds to a higher-categorical group-completion of the same underlying
monoid, but taking into account the isomorphisms (i.e. group-completing a groupoid).
Quillen’s +-construction and @-construction were first realizations of this idea; this
was later generalized by the S,-construction of Waldhausen (1985). Barwick (2016) ex-
tended the S,-construction to suitable co-categories, providing the modern framework
for algebraic K-theory.

If A is a ring spectrum, Perf(A) denotes the full subcategory of the category of left
A-modules spanned by A under finite colimits, desuspensions and retracts. For an
ordinary ring R, objects of Perf(R) coincide with bounded chain complexes of finitely
generated projective R-modules. The K-theory of A is then defined as

K(A) = K(Perf(A)).

This functor is difficult to compute; Quillen (1972), in a tour de force, computed K, (F,),
while K,(Z) has been only partially determined because of number theoretical issues.
The functor K has many fascinating properties; the ones that interest us most here
concern its interactions with chromatic homotopy theory.

The K-theory spectrum K (S) is the receptacle of an invariant used in the study
of the geometric topology of manifolds, see Waldhausen, Jahren, and Rognes, 2013.
Waldhausen (1984) proposed to study K(S) by climbing the chromatic tower

K(S)-- — K(L§(S)) — K(L{(S)) — K(Lj(S)) = K(Q),

which motivated the study of K(A) when A is for example a T'(n)-local spectrum for
small values of n, and also motivated the development of chromatic homotopy theory.

Note that when A is a non-zero commutative ring spectrum, K (A) is never a finite
spectrum; in fact its chromatic behavior sharply contrasts with the chromatic behavior
of finite spectra as stated in the Periodicity Theorem 2.5. A first example is the following
theorem. Recall that K(n) denotes the n-th Morava K-theory at a prime p. If R is an
ordinary ring, then K (1).(R) = 0, but for example we have K (1).(K(Z)) # 0.
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THEOREM 6.2 (Mitchell, 1990, Theorem A). — For any (ordinary) ring R, any prime p
and any n > 2, the n-th Morava K-theory of K(R) vanishes:

K(n).(K(R))=0.

This provides examples where algebraic K-theory increase the chromatic complexity
of its input from 0 to 1 (but no more). Another example, to which we will return
below, is given by the Adams summand ¢ introduced in Definition 5.13. Note that
Lray(£) = L # 0 while Lp)(£) = 0. In (Ausoni and Rognes, 2002), we showed that if
p > 5, then Ly (K (£)) # 0 while Ly (K(€)) = 0.

Such examples led John Rognes to state the Redshift Conjectures (Ausoni and Rognes,
2008; Rognes, 2014) on the chromatic and arithmetic behavior of the algebraic K-
theory of ring spectra. Here Redshift refers to the idea that K-theory promotes the v,,-
periodicity of its input to v, 1-periodicity of its output, thus “increasing” the wavelength
(shifting towards red). This has recently been proven in full generality for commutative
ring spectra.

Hahn (2016) proved than if A € CAlg(Sp) and if n € N, then T'(n).(A) = 0 implies
T(n+ 1).(A) = 0. This motivates the next definition. Note that by (Land, Mathew,
Meier, and Tamme, 2024, Lemma 2.3), when A is a ring spectrum, K (n).(A) = 0 if and
only if T'(n).(A) = 0, so in the next definition one could replace T'(n), by K(n)s,.

DEFINITION 6.3. — Let A € CAlg(Sp) be non-zero. The height of A is defined as
ht(A) = max{n € N |T'(n).(A) # 0}
THEOREM 6.4. — Let A € CAlg(Sp) be non-zero, with ht(A) > 0. Then
ht(K(A)) =ht(A) + 1.

This result was proven in a series of amazing papers: the inequality ht(K(A)) <
ht(A) + 1 is proven in (Land, Mathew, Meier, and Tamme, 2024; Clausen, Mathew,
Naumann, and Noel, 2024) while the inequality ht(K(A)) > ht(A)+1 is proven in (Yuan,
2021; Burklund, Schlank, and Yuan, 2022).

The next result shows that for n > 1, Ly K (A) depends only on Lyg,—1ygrm)(A).

PuUrITY THEOREM 6.5 (Land, Mathew, Meier, and Tamme, 2024)
Let A be a ring spectrum. For n > 1, the canonical map A — LT(n_l)@T(n)(A)
induces an equivalence

Ly (K(A)) = L) (K(Lr(n-1)e1m)(A4))) -

Examples of computations have shown that when A is a ring-spectrum of height n,
Lrms1)(K(A)) is accessible but still has particularly interesting features, while
Ly (K (A)) will be increasingly difficult to compute when the 0 < m < n gets smaller.
This contrasts with the case of finite spectra, where v,,-periodicity gets more difficult
to study when m increases.
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Topological cyclic homology (denoted 7'C'), which builds on topological Hochschild
homology (denoted T'H H), has been an extremely powerful tool for performing com-
putations of the algebraic K-theory of ring spectra. TTHH was invented by Bokstedt
(unpublished), and T'C first appeared in Bokstedt, Hsiang, and Madsen (1993). Nikolaus
and Scholze (2018) offered new foundations for the theory. For A € Alg(Sp), topological
Hochschild homology of A, as a spectrum, is given by

THH(A) - A@A@Aop A,

which is the tensor product of A with itself in the category of bi-modules. It can be
realized as a cyclic-bar construction, which shows that T'H H(A) has an action by the
circle T = S!. Nikolaus and Scholze promote THH (A) to a cyclotomic spectrum: they
endow it with a T/C)-equivariant map

0: THH(A) — THH(A)*"

where C, C T is the cyclic subgroup of order p, and where TH H(A)'“» denotes the
Tate construction that sits in a cofiber sequence with the norm map N,

THH(A)pe, ~ THH(A)"® — THH(A)™r .

This is analogous to the construction of the Tate cohomology of a group G by splicing
its homology and its cohomology. They then define topological cyclic homology of A
(at a prime p) to fit in a cofiber sequence

AT _can
TC(A) —— THH(A)"T il (THH (A)!C»)rT/Co

There is a natural transformation for connective A ring spectra, called the cyclotomic
trace trc: K(A) — TC(A). The following theorem is the fundamental tool for comput-
ing K-theory from topological cyclic homology.

THEOREM 6.6 (Dundas, Goodwillie, and McCarthy, 2013, Theorem 7.2.2.1)

Let f: A — B be a map of connective ring spectra, such that f,: mo(A) — mo(B) is
surjective with nilpotent kernel. Then the following square is homotopy cartesian after
p-completion:

K(A) -2 TC(A)
)

K(B) =% TC(B

In particular, the difference between K(A) and TC(A) (in other word the fiber
F' of the cyclotomic trace K(A) — TC(A)) is the same as the difference between
K (B) and TC(B). Assuming that F' is known (for example via a computation of the
bottom map of the square), to compute K (A), it essentially remains to compute TC'(A).
This is very useful because T'C(A) is entirely defined by homological constructions,
starting with T'H H(A), fixed-points and the Tate construction, all of which can be in
principle evaluated by homological algebra methods, such as spectral sequences. These
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homological algebra methods permit explicit computations in good cases, with suitably
finite coefficients, namely V,(T'C(A)) where ht(A) = n and V is a finite (p)-local
spectrum of type at least n. On the other side, K(A) is defined via categorification and
group-completion, which is a much more mysterious construction.

Let us now return to disproof of the Telescope Conjecture, and sketch the proof in
these easiest case where n =1 and p > 7, treated in BHLS, Theorem D. This differs a
little from the corresponding case in Theorem 6.1. The authors take p > 7 to ensure
the existence of the Smith-Toda complex V(2) (see Definition 2.11) as a homotopy
commutative and associative ring spectrum. They consider the Adams summand L, see
Definition 5.10, with the action of Z given in Remark 5.12.

Note that the Z-action on L restricts to an action of any subgroup of Z, and in
particular p*Z C Z. The following theorem is based on the work of Ben-Moshe,
Carmeli, Schlank, and Yanovski (2025), see also the discussion in (BHLS, Section 6).

THEOREM 6.7. — For any k > 0 and odd p, the coassembly map induces an equivalence

Lic) (K (L") = Lo (K(L)""#) .
This contrasts with the following result.

THEOREM 6.8 (BHLS). — Let p > 7. For k large enough, the coassembly map
Loy K (L") = Ly K (L) .

is not an equivalence. Therefore, the Telescope Conjecture fails at height 2 and p > 7.

In fact, the above theorem is a consequence of the stronger Theorem D of the same
paper, where the authors explicitly compute

(14) T(2).(K(L")) = T(2).(K (L)"')
for k large enough, and show that this is not an isomorphism. We sketch below the

several reductions allowing the authors to achieve this.

We start with the right hand side of (14). Blumberg and Mandell (2008, Localization
Theorem) have proven the existence of a localization sequence

(15) K(Zy) = K(t) = K(L),

where Z, = {/v; and L = {[v;'].
Bokstedt and Madsen (1994) computed K(Z,) and TC(Z,), and it follows that these

vanish 7'(2)-locally, so that K(¢) — K(L) is a T'(2)-equivalence. Note that this also
follows from the Purity Theorem 6.5.
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Applying Theorem 6.6 to the map of rings ¢ — my(¢) = Z,, we obtain a homotopy
cartesian square after p-completion

K{) ——TC(¥)

| J

K(Z,) — TC(Z,).

Since K(Z,) and TC(Z,) are T'(2)-acyclic, we deduce that we have a diagram of
Z -equivariant T'(2)-equivalences

K(L)«+ K(t) - TC(¢).
In (Ausoni and Rognes, 2002, Theorem 0.3), we computed V (1),(7T'C(¢)) (for p > 5) and
showed that it is a finitely generated free F,[vs]-module on 4(p + 1) explicit generators.

This computation has been simplified (and extended to the p = 3 case) in (Hahn, Raksit,
and Wilson, 2025, Theorem 1.4.1) using the even filtration. In particular, we have

T(2).(TC(0) = Fy[vy"] 0 V(DATC(0)),
so that T'(2).(T'C(¢) is also finite in any degree. Just as in the case (12) considered
above, we have a cofiber sequence of the form
TCW)"'2 — TC(0) — TC(0),
which implies the following result.
LEMMA 6.9. — For any k > 0, the Fy-module T(2).(TC(£)""?) is finite in any degree.
Note that if p*Z acted trivially on V(1).(T'C(¢)), we would have
V(D).(TC(0)"™) 2 V(1)(TC(0) © E(G) with |G| = —
and the same would hold if we replaced V (1), by T'(2)..

Let us now consider the left hand side of (14). The spectrum £"*Z is (—1)-connective,
and therefore the existence of a localization sequence for ¢"*"Z — L"'Z analogous
to (15) doesn’t follow from (Blumberg and Mandell, 2008). In addition, the connectivity
hypothesis of Theorem 6.6 is not satisfied by Vi However, variants of these results
where established by Levy (2022, Theorems A and B) for ¢"Z. These results are
generalized in BHLS, Corollary 6.3, using the Purity Theorem 6.5. We formulate this
result in the case of ¢, using Lpa(¢) = L.

PROPOSITION 6.10. — Suppose £ equipped with an action of Z by ring-maps. There is
a commuting diagram were the horizontal maps are equivalences, and the vertical maps
are the coassembly maps:

Ly (K (L") ¢ Ly (K(("%)) —— Ly (TC(("))

| J J

Ly (K (L)"') «=— L@y (K (0" ) —— Ly (TC()"%).
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It remains to compute T(2),(TC/(¢"7"%)). McClure and Staffeldt (1993) computed
V(0).(THH(¢)), and we deduce the formula

V(D).THH(l) = Fylu] @ E(A; A2) ,

where [A\| = 2p — 1, and |u| = |X2| +1 = 2p% Lee and Levy (2023, Theorem 1.1)
evaluated V(1),(THH,(("?)), and their computation adapts directly to the case ¢"*Z

THEOREM 6.11 (Lee-Levy). — For k >0, there is an isomorphsm of F,-algebras
V().(THH("™'?)) = V(1) (THH(()) © HH,.(F'* /F,).

Moreover, we have an isomorphism of F,-algebras HH*(F’;ka/Fp) ~ C(p*Z,,F,) ®
E(¢), where CO(p*Z,,F,) denotes the ring of continuous functions f: p*Z, — T,
(concentrated in degree 0), and |(x| = —1.

This formula would be the same if the action of Z on ¢ were the trivial one, showing
that V(1).(THH(—)) doesn’t see the difference. We have the following crucial result
as a special case of (BHLS, Theorem 4.30): the same holds for V(1),7C(—) when k is
large enough.

PROPOSITION 6.12. — For k large enough, the coassembly map for the above p*Z -
action (by Adams operations)

TC("2Y = TC(¢)""
and the coassembly map for the trivial Z -action
TC((P%) — TC(¢)P~
induce the same homomorphism in V(1)-homotopy V (1).(—).
The next step is to evaluate
(16) V(1).TC({P%) — V(1),TC(£)5%
by computing T'C' from T'H H using a standard approach. The input is the following
result by Lee and Levy, 2023 (recall Theorem 6.11): the coassembly map
(17) V(D).(THH(P%)) — V(1) (THH(()5%)
is given by tensoring V' (1),(T'HH (¢)) with the F,-module map
C°(Z,,F,) @ () = E(()

that sends ¢ to itself, and sends f € C%Z,, F,) to f(0). In particular, the kernel
of the homomorphism (17) is infinite dimensional over F, in any degree. From there,
(BHLS, Theorem 7.1) evaluates the coassembly homomorphism (16), determining how
this phenomenon persists through the identification of the equalizer defining TC(¢5%).
In particular, V(1),(T'C(¢5%)) is a free F,[vo]-module, and for infinitely many values of
m, the group V(1),,(TC(¢P%)) is infinite. We deduce that

T(2).(TC(L%)) 2 Fy[v3"] @r, ) V(1(TC(7))



1242-35

and hence T'(2),(TC(¢5%)) is also infinite in infinitely many degrees. By Proposi-
tion 6.12, the same holds for T'(2),(TC(¢"*"%)) when k is large enough. Comparison
with Lemma 6.9 finishes the proof of Theorem 6.8.

Remark 6.13. — In BHLS, Section 1.5, the authors present their intention to explore,
in forthcoming work with Shachar Carmeli and Lior Yanovski, additional consequences
of their disproof; for example, for any n > 1, they expect that there exists k € Z such
that mx(T'(n + 1)) is not finitely generated as an abelian group.

Abbreviations

BHLS Robert Burklund, Jeremy Hahn, Ishan Levy, and Tomer M. Schlank (2023). K-
theoretic counterexamples to Ravenel’s telescope conjecture. arXiv: 2310.17459
[math.AT] (heretofore cited as: BHLS).
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