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Introduction

The moduli space of elliptic curves over the complex numbers can be identified with
the affine line A! using the j-invariant function, an analytic map defined on the complex
upper half plane H. Indeed, an elliptic curve over the complex numbers is isomorphic
to a complex torus C/A, and the lattice A C C can be transformed to A, = Z + 7Z for
some 7 in H. Using this transformation, the Weierstrass form of the elliptic curve is

y? = 42° + g2(A)z + g3(A), with go(A) =60 > z7*and gs(A) =140 > 27°,
0#z€A 0#z€A

so the j-invariant of C/A,, which we identify with the element 7 of H, is
g2(A;)?
g2(AT)3 - 2793(A7)2 .

Using the counting theorem of Pila and Wilkie (2006, Theorem 1.10), a result in
o-minimality, an area which can be seen as a model theoretic generalisation of
semi-algebraic geometry, Pila (2013, Theorem 1.1) showed a generalization of the

j(r) = 1728

Ax-Lindemann—Weierstrass theorem: Given an irreducible variety W defined over C
and rational functions aq,...,a, on W which locally at the point P take values in H|,
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whenever no j(a;) is a constant function and there is no modular relation for i # k of
the form

aa; +b

a b , a b
ay = y for some <c d) € GLy(Q) with det <c d) > 0,

ca; +

then
jlar),. . jan), 5 (a1), ., 5 (an), 5" (a1), - ., 5" (an)

are algebraically independent over the function field C(W), where each j(a;) is seen as
a function on W locally near P, and the derivative is taken with respect to the element
a;(P) of H. The matrix of a modular relation as above can be rescaled to an element
of the double SLy(Z)-coset of the matrix (§ \) for some N > 1 in N. In doing so, the
modular relation translates into a Hecke correspondence between the values j(a;) and
j(ax) given by a modular polynomial Fn(X,Y") which has coefficients in Z and is monic
both in X and Y.

Pila’s modular Ax—Lindemann—Weierstrass theorem is optimal in the sense that no
further derivative can be algebraically independent. Indeed, the j-invariant function
satisfies the following order 3 irreducible differential algebraic (rational) equation x(7") =

0 with
T? — 19687 + 2654208

2T2(T —1728)2 '

\(T) = S(T) +

where S(T) is the Schwarzian derivative
T// ’ 1 T// 2
SN = (75) = 5() "

Hence, it makes sense to study the solution set of the above differential algebraic
equation within any differential field of characteristic 0, and particularly within a
differentially closed field. Differentially closed fields are the differential analogue of
algebraically closed fields for systems of finitely many differential algebraic equations in
finitely many differential variables. The solution set of such a system is called a Kolchin
closed set, and Boolean combinations thereof are called Kolchin constructible.

Model-theoretically, differentially closed fields of characteristic 0 are existentially
closed differential fields (see Corollary 2.19) and their common theory, denoted by
DCFy, is the least misleading example of a totally transcendental theory, according to
Sacks (1972, pp. 4-5). It is a complete theory and has quantifier elimination (see Theo-
rem 2.18), which is equivalent to saying that the projection of a Kolchin constructible
set is again Kolchin constructible. From the point of view of the classification program
introduced by Shelah (1990), the theory DCFy is very tame: it is w-stable. Thus DCFy is
equipped with a canonical notion of independence, which will be introduced in Section 4,
arising from stability. The general notion of independence in arbitrary stable theories is
of combinatorial nature and yet captures many of the well-known properties of algebraic
independence for algebraically closed fields.

Using Pila’s Ax—Lindemann—Weierstrass as well as the Embedding Theorem of Sei-
denberg (1958, Theorem, p. 160), Freitag and Scanlon (2018, Theorem 3.10) showed
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that the Kolchin closed set of solutions of the differential algebraic equation x(7') =0
satisfied by the j-invariant function is strongly minimal, working inside a sufficiently
large (or universal as in Section 3) differentially closed field (U, d): Given any Kolchin
constructible subset X of U, either the set X N (x(7") = 0) is finite or its relative comple-
ment (x(7") = 0)\ X is. Moreover, its geometry is trivial: Given a countable differential
subfield K of U and solutions ay, .. ., a, of x(T') = 0, none of which is algebraic over K,
the family

ayy ... an,0(ar),. .., 6(a),0%(ay),. .., 6% (ay,)

is algebraically independent over K, as long as no two solutions a; and a; with i #
j satisfy a modular polynomial relation Fy(X,Y’) as previously introduced. More
generally (see Definition 5.6), given a strongly minimal differential algebraic equation
defined over the differential subfield k£ of U and n solutions a4, ..., a,, we say that the
solutions aq, ..., a, are independent over K if for every 1 < i < n, the differential field
K {a;) generated by K (a;) is algebraically independent from K{ay,...,a;_1) over K.
Thus, the strongly minimal differential algebraic equation has trivial geometry if for
every collection of n solutions aq,...,a, and every differential field extension K of k,
the solutions are independent over K, as long as no solution a; is algebraic over K and
any two distinct solutions a; and a; with ¢ # j are pairwise independent over K.

Poizat (1978, Lemme 9) considered a similar differential algebraic (rational) equation,
namely
T 1
7
and showed that it is also strongly minimal with trivial geometry. Poizat’s result was
later generalized by Freitag, Jaoui, Marker, and Nagloo (2023, Theorems 3.1 & 6.1) to

a wider class of differential algebraic equations of Liénard type, that is, of the form
T+ [(T)T' + ¢(T) = 0,

for rational functions f and g defined over the field of constants Cy = {x € U | 6(x) = 0}.
A differential algebraic equation defined over the field of constants is called autonomous.
Jaoui (2021, Theorem A) obtained a similar result for any autonomous differential
algebraic equation of order two and (differential) degree at least 3 as long as the defining
coefficients build an algebraically independent tuple over the prime field Q.

Whilst the above transcendence results use different methods, particular to the equa-
tions they considered, some of the tools are common. Indeed, Zilber’s trichotomy
principle (Fact 5.15) and the binding group (Fact 6.5) are always present in some way
or other. In recent work, Freitag, Jaoui, and Moosa (2022, Theorem 3.9) have extracted
(many of) the essential steps of previous proofs in order to show a stronger version of
triviality, often called total disintegration, for autonomous differential algebraic equa-
tions. In an extremely elegant yet concise proof, they show the following result (see
Theorem 7.8 and Corollaries 7.10 & 7.11):
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THEOREM. — Consider an irreducible differential algebraic (rational) equation P(T) =
0 of order n > 1 defined over a countable algebraically closed subfield K of the constant
field Cy of an ambient differentially closed field (U, d). Assume that the algebraic differ-
ential equation has Property Dy, that is, for any two distinct solutions aq # as, none of
them algebraic over K (or equivalently, neither a; nor as belongs to K ), the elements

a1,5(a1), Ce ,5”*1(a1),a2,5(a2), e ,5”71(CL2)

from an algebraically independent family over K.

We have that the Kolchin constructible set given by P(T) = 0 is strongly minimal
and totally disintegrated: for every integer m > 2, every differential field extension L
of K as well as m pairwise distinct solutions ay, . .., a,, in U, none of which is algebraic
over L, the elements

a1,5(a1), ce ,6”_1(a1), N ,am;(s(am>7 S 76n_1(am)

forms an algebraically independent family over L.

Whilst Poizat’s equation has Property Do (Freitag, Jaoui, Marker, and Nagloo, 2023,
Example 6.3), the autonomous equation x(7") = 0 of the j-invariant function does not.
Indeed, two solutions a; and a, may be distinct and yet satisfy a modular relation
Fn(ay,as) = 0 given by a Hecke correspondence with N > 2. In this case, the solution
as is algebraic over Q(a;) C Q(ay), witnessing the failure of Property Da.

On the goal of this (long) text: To whom is it addressed?

Freitag, Jaoui, and Moosa (2022, Theorem 3.6 & Section §3.2) go beyond the au-
tonomous case mentioned beforehand. They have a similarly impressive result for
irreducible differential algebraic equations within a differentially closed field, even if the
equation is not defined over the field of constants, as long as the order of the differential
algebraic equation is at least 2. Their result resonates with work of Nagloo and Pillay
(2017) on Painlevé’s equation. Nevertheless, we have decided to restrict the exposition
to the case of an irreducible differential algebraic equation defined over the field of con-
stants. We believe that the autonomous case already contains relevant model-theoretic
tools and shows their interactions with differential algebra and transcendence theory.
However, the fact that the equation is defined over the field of constants renders the
proof somewhat simpler. Therefore, the goal of this text is to exhibit some of the ideas
and methods from model theory, translated to the particular context of differentially
closed fields. Through the text, we often provide definitions in algebraic terms, identi-
fying what the classical notions in model theory correspond to in the particular tame
theory DCF\ of differentially closed fields of characteristic 0. The reader should be
aware that the definitions and notions in question come from model theory and can
be stated in a more general context (without even assuming that the ambient universe
is a field!). Similarly, most of the proofs are model-theoretic, though some arguments
become simpler in the particular case of differential fields.
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The core of the notions of geometric model theory needed for the proof are contained
mostly in Sections 3, 4 and 5. Whilst these notions are well-known among model
theorists, we have decided to present them for a general audience in mathematics as
self-contained as possible, for we could not find many suitable references. The first two
sections are by now more mainstream, so we have mostly used the existing literature
without any substantial input from our side. Section 1 presents a basic introduction
to differential algebra and Section 2 introduces the basic model-theoretic properties of
the theory DCF(. Regarding the last sections, Section 6 presents the model theoretic
avatar of the differential Galois group and Section 7 contains the full proof of the result
of Freitag, Jaoui, and Moosa (2022) for autonomous irreducible differential algebraic
equations.
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1. Some (very) basics of differential algebra

In this section, we will present in a concise way the basic notions of differential algebra
which will be needed in the next sections. We mostly follow the presentations of Marker
(1996) and Tressl (2023) without any significant input from our side.

NOTATION. — For the sake of the presentation, all rings and fields in this section are
commutative with identity and contain the field Q of rational numbers, so they all have
have characteristic 0.

DEFINITION 1.1. — A differential ring is a ring R equipped with a derivation, that is,
an additive homomorphism 0: R — R satisfying the Leibniz rule

d(a-b)=0(a)-b+a-0(b) foralla andb in R.
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Given a differential ring R, the subring Cr = {a € R | §(a) = 0} is the ring of
constants of R. A differential field is a differential ring whose underlying set is a field.

Many of the basic manipulations we know from an undergraduate course in analysis
also hold for a derivation. In particular, the additive map ¢ is linear with respect to
the constant elements. If the ring is an integral domain, then the derivation ¢ extends
uniquely to a derivation on the field of fractions

Remark 1.2. — Working inside an ambient field M, consider a subfield K of M and a
derivation § on K.

(a) If an element a of M is algebraic over K, then there is a unique extension 0 of &
to the subfield K(a) C M: Indeed, if m,(T") denotes the minimal polynomial of a
over K, then

omy

0= d(ma(a)) = mg(a) + = (a)d(a),

where m?(T) is the polynomial over K obtained by differentiating each coefficient

from m,(T) (so deg(mS(T)) < deg(mq(T)) as mq(T) is monic). Note that the field

extension K C K (a) is separable (since the characteristic is 0), so 88”%“ (a) # 0 and

thus the value 6(a) is uniquely determined.

In particular, the algebraic closure of a differential field is again a differential
field.

(b) Linear disjointness provides a general method to extend derivations. Recall that K
is linearly disjoint from a subfield L of M over a common subfield k if any elements
aiy,...,a, of K are linearly independent over L (seen as elements of M), whenever
they are linearly independent over k. Linear disjointness is a symmetric notion,
despite the asymmetric definition.

Given a derivation 6, on L whose restriction to k coincides with § (so (k,d)
is a common differential subfield of (K, ) and of (L,0dr)), if K and L are linearly
disjoint over k, then there is a unique derivation & on the compositum field K - L
extending both 0 and ¢, with

d(a-b)=0d(a)-b+a-dr(b) for all @ in K and b in L.

DEFINITION 1.3. — Given a differential ring (R, ¢), the ring R{T} of differential poly-
nomials with coefficients in R has as underlying set the ring R[(T,)nen] in infinitely
many variables, where we identify the variable Ty with T'. It admits a natural deriva-
tion D estending 0 imposing that D(T,) = T,i1, so we will often write T™ for T,
with T = T. Iterating this process, we obtain the ring of differential polynomials
R{Ui,...,Uy,} in the differential variables Uy, ..., U,, with coefficients in R.

The order ord(P) of a differential polynomial P(T) is the largest n such that T™
non-trivially occurs in P (if P is a constant polynomial, then its order is —oo). If the
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order of P(T) is a natural number n in N, then write
d .
P(T) = ZQi(T(O), Ty (T
=0

for some d > 1 in N (called the degree of P) and differential polynomials Q; of order
strictly less than n with Q4 non-trivial. The separant sp(T") is the differential polynomial
sp = E‘;% obtained by formally differentiating the multivariate polynomial P with respect
to the variable T™ = T,,. Note that the separant sp(T) of P(T) has either smaller
order or smaller degree than P.

A differential ideal is an ideal I C R{T} closed under the action of the derivation D,
that is, an ideal such that D(P(T")) belongs to I for every P(T') in I. A radical differential
ideal, resp. a prime differential ideal, is a differential ideal which is radical, resp. prime,
as an ideal.

Given a subset A of R, we denote by (A)s the differential ideal generated by A. if

A = {a} is a singleton, write (a)s for (A)s.

Remark 1.4. — (Marker (1996, Lemma 1.3, Corollary 1.7 & Lemma 1.8)) Consider a

differential field (K, d) and the induced derivation D on the ring K{T'} of differential

polynomials.

(a) For every non-zero prime differential ideal ¥ of K{T'} there is some differential
polynomial P(T'), called a minimal polynomial of ¥, such that P(T) is irreducible,
as a multivariate polynomial, with ¥ = I(P), where

I(P)={Q € K{T} | s% - Q belongs to (P)s for some k in N}.

(b) For every irreducible differential polynomial P, the above set I(P) is a prime
differential ideal with minimal polynomial P(T"). Moreover (Tressl, 2023, Corollary
1.2.10),

I(P)NK[TO, ... 7@ = p. g[TO, . 7)),

The above remark yields that the minimal polynomial of a prime differential ideal is
essentially unique, up to rescaling by an element of K*.

COROLLARY 1.5. — Given a non-zero prime differential ideal ¥, any two minimal
polynomials of ¥ differ by a non-zero scalar, so the order n of a minimal polynomial
only depends on €. There is no non-trivial differential polynomial in © of order strictly
less than n.

Proof. — Assume the prime ideal ¥ has two irreducible minimal polynomials P and P;.
We may assume that ord(P) < ord(P;), so

Pe9nK[TO, . . 7)) —

= [(P)NK[TO,... 7)) " po gp©) | plerdPo)),
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Thus, there is some H in K[T© ... T©dP))] with P = P, - H. Irreducibility of P
(since P is not a unit) yields that H is a unit in K[T© ... T©d)] and thus a
non-zero scalar of K, as desired. In particular, we have that ord(P) = ord(P}).

If a differential polynomial @ in € has order ord(Q) < ord(P), then we deduce
from the above discussion that Q = P(T) - H for some H in K[T©, . . TdE)],
Since T©4(P) occurs non-trivially in P, we conclude that H, and thus Q, is the zero
polynomial, as desired. O

Given a differential field extension K C L and an element a in L, denote by K(a)Ring
the differential ring generated by K U {a} (so the differential subfield K{a) of L gen-
erated by K U {a} is the field of fractions of K(a)ging). There is a natural differential
epimorphism given by evaluation on the element a

K{T} - K (@) Ring
QT.TW, ... TN s Qa,6(a),.... 5 (a))

DEFINITION 1.6. — Consider a differential field extension K C L as well as an element
a in L. The ideal I(a/K) is the kernel of the evaluation morphism, that is, the prime
itdeal of all differential polynomials over K which vanish on a.

The element a is differentially transcendental over K if I(a/K) = {0}.

Otherwise, the element a s differentially algebraic over K. The differential rank of a

over K is RD(a/K) = ord(P,), for some minimal polynomial P, of the non-zero prime
ideal I(a/K) (this is well-defined by Corollary 1.5).

Remark 1.7. — With the notation of the previous definition, the evaluation morphism
induces a differential isomorphism between Quot(K{T'}/I(a/K)) and K{a). If a is
differentially algebraic, then the ideal I(a/K) is completely determined by a minimal
polynomial P,(T') of I(a/K). In particular, if ¢: K — K’ is a differential isomorphism
and o’ is an element (in some differential field extension L' of K’) whose minimal
polynomial over K’ is p(F,)(T'), then there is a differential field isomorphism ¢: K (a) —
K'(da") extending ¢ and mapping a to a'.

COROLLARY 1.8. — Given a differential field extension K C L and an element a in L,
we have the following:

— If a is differentially transcendental over K, then K(a) is isomorphic to the field of
fractions of the differential ring K{T'}, and thus has infinite transcendence degree
over K.

— If a is differentially algebraic, then the differential rank RD(a/K), that is, the
order of a minimal polynomial P,(T) of I(a/K), equals the transcendence degree
of K{a) over K.

Proof. — 1f a is differentially transcendental over K, then the ideal I(a/K) is trivial.
By Remark 1.7, the field K(a) is isomorphic to the field of fractions of the differential
ring K{T'}.
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Assume now that the differential rank RD(a/K) = n = ord(F,) is a natural num-
ber. By Corollary 1.5, the elements a,a’ = a) = §(a),...,a™ " = 5"V (a) must
be algebraically independent over K. Moreover, the element a(™ is algebraic over
K(a,...,a" V), by Definition 1.3. We deduce from Remark 1.2 that the derivatives
a"™®) for k in N, are all algebraic over K(a,...,a™ ), so n equals the transcendence
degree of K(a) over K, as desired, O

A commutative ring with identity is noetherian if every ideal is finitely generated, or
equivalently, if every increasing chain of ideals stabilizes. Clearly, given a differential
field (K, k), the ring K{T'} of differential polynomials is not noetherian, as witnessed
by the chain

(1) c (T, 7YY C -+ (T, TY,...,T™) C -+
However, the theorem of Ritt—Raudenbush below, see Marker (1996, Theorem 1.16),
can be seen as a differential analogue of Hilbert’s basis theorem once we restrict our
attention to radical differential ideals.

FacT 1.9. — (Theorem of Ritt-Raudenbush) Consider a fized differential field (K, d).
FEvery increasing chain of radical differential ideals in K{Uy,..., Uy} stabilizes. In
particular, every prime differential ideal ¥ of K{Uy, ..., Uy} is finitely generated as a
radical ideal, that is, there is a finite set A of differential polynomials of K{Uy,..., Uy}
such that

©={Pe K{U,...,Un} | P" € (A)s for some n in N}.

DEFINITION 1.10. — A subset V' of K™ is Kolchin closed if there are finitely many
differential polynomials Py, ..., P, of K{Uy,..., Uy} such that

V={acK"|P(a)=.. =P,(a)=0).

The Kolchin topology on K™ 1is the topology whose closed subsets are exactly the
Kolchin closed subsets. Note that it is indeed a topology, by the theorem of Ritt—
Raudenbush, as the vanishing ideal I(a/k) of a finite tuple a = (ai,...,an) of K™
over a differential subfield k of K is a prime differential ideal.

COROLLARY 1.11. — The Kolchin topology on K™ is noetherian. In particular, given
a tuple a in K™ and a differential subfield k of K, there exists a smallest Kolchin closed
subset V of K™ containing a given by differential polynomials with coefficients in k. We
refer to V' as the Kolchin locus of a over k.

2. A crash-course in the basic model theory of differentially closed fields

The purpose of this section is to provide a concise introduction to the basic model-
theoretic properties of differentially closed fields of characteristic 0. For the sake of the
presentation, we will reformulate some general notions from mathematical logic in the
particular context of differential fields. Whilst we are well aware that the terminology
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we provide is not standard, we nonetheless hope that it will render the presentation
more intuitive.

As in the previous section, all fields and rings are commutative with identity, of
characteristic 0 and contain Q.

DEFINITION 2.1. — We denote by L5 = {0,1,4+,—,-,0} the language of differential
rings. Note that every differential ring can be seen as an Ls-structure with the obvious
interpretations of the symbols.

A language expansion L of Ls consists of the symbols of Ls plus possibly new constant
symbols (¢;)ier. A choice of an L-structure for a differential field K consists of a sequence
(d;)icr of elements in K for the interpretations of the constant symbols ¢;’s. We often
use the notation cX for the interpretation d;.

The reader should be aware that a constant symbol need not be interpreted as a
constant element of derivative 0. The double meaning of the word constant is indeed
unfortunate, but we do not want to introduce unnecessary non-standard terminology.

DEFINITION 2.2. — Given a language expansion L = Ls U {c;}icr of the differential
ring language, a differential (Kolchin-)constructible (or quantifier-free) L-formula
in the wvariables x1,...,x, is a boolean combination of expressions of the form
P(zy,... 20, ¢Cipy . yc,) = 0, with m in N and P a differential polynomial in
Z{Uy, ..., U, V1, ..., Vi }.

The class of all L-formulae is the smallest collection of (formal) expressions obtained
from the differential constructible formulae which is stable under boolean combinations,
existential quantifications (or projections) and logical implications and equivalences,
that is, if ¢ and ¢ are L-formulae and y is some variable, then

=0, (V) (e AY), (v =), (¢ &), Typ

are again L-formulae. In particular, the abbreviation Yy = —Jy—p will also be treated
as an L-formula.

A bound variable of an L- formula o is a variable y occurring within the scope of
a quantifer 3 or V. A wvariable which is not a bound variable is called free. We use
the notation ¢ = o(x1,...,T,) to denote that the free variables which actually occur
in @ are among the variables in the list x1, ..., x,. A sentence is a formula all whose
variables are bound variables.

Given an L-formula (x4, ..., x,) and a tuple a = (ayq, . .., ay,) in a differential field K
(seen as an L-structure), we say that a realizes (or satisfies) the formula ¢ in K, denoted
by K = v(ay, ... ay), if the conditions determined by ¢ hold in the differential field K
(with the natural intepretations), once we replace each free variable x; by the element a;.

Given a subset B of parameters of K as well as an L-formula o(Z,7) and a tuple b
in B a B-instance p(z,b) is the subset

{ae K| K ¢(ab)}).
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FExample 2.3. — There exists a countable collection of Ls-sentences, denoted DFy),
expressing that the underlying Ls-structure is a differential field (of characteristic 0).
Indeed, it suffices to consider the finite set of (commutative) ring axioms together with
the following axioms:

Inverses exist : Vady(z #0 =2z -y =1).

Fields are not trivial : 1 # 0.

Derivation is additive : VaVy 6(z +y) = d(z) + d(y)
Leibniz rule : VaVy §(z - y) = zd(y) + yo(x).

and the following infinite list of sentences expressing that the characteristic is not a
prime number.

Characteristic different from p >0: 1+---+1#0.
p
Every differential field K, seen as an Ls-structure, is a model of DFg, denoted by
K |= DFy. More generally, given an expansion £ of L5 and an L-theory T, that is, a
collection of L-sentences, we say that an L-structure K is a model of T if K = x for
every L-sentence y in T

Remark 2.4. — An Ls-formula ¢ (x4, ..., x,) is in prenex normal form if

z/j(xd? o 7xn) = Qlyl o memX(‘%l? vy Ty Yty - 7ym)

for some differential constructible formula x such that each symbol @, is either the
quantifier V or the quantifier 3.

Modulo the above theory DFg, every Ls-formula ¢(x1,...,x,) is logically equivalent
to a formula 1 in prenex normal form, that is, for every differential field K (seen as an
Ls-structure), we have that

K EVzy .-V, (gp(zl,...,xn) @zp(xl,...,xn)).

DEFINITION 2.5. — Consider a language expansion L = LsU{c;}ier and two differential
fields K and L, seen both as L-structures.

An embedding of K in L is a differential monomorphism F: K — L which is
compatible with the interpretations, so F(cK) = cF for alli in I. An isomorphism of
L-structures is a surjective embedding. If the embedding F' is the set-theoretic inclusion
of fields, we say that K is an L-substructure of L.

Given L-substructures k of K and k' of K', an isomorphism F: k — k' is a partial
elementary map between K and K’ if F' preserves satisfaction, that is, for every L-
formula p(z1,...,x,) and every tuple ai, ..., a, in k, we have that

K Ep(ay,...,;a,) <= LE@(F(ar),...,F(an)).

In particular, the fields K and L must satisfy the same L-sentences.
A substructure k of K is an elementary substructure if the inclusion map k — K s
a partial elementary map.
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Consider the differential field Q(7") with §(T") = 1 as an Ls-structure. Whilst Q is
a differential subfield of Q(T), it is not an elementary substructure of Q(7"), since the
satisfaction of the sentence Vy(d(y) = 0) is not preserved.

Remark 2.6. — Consider a language expansion £ = L5 U {¢;};e; and an L-isomorphism
F: k — K of differential fields, seen as L-structures. Assume furthermore that there
are L-structures K and K’ such that k, resp. &/, is an L-substructure of K, resp. K.
The map F induces a map from k-instances (Z, b) of differential constructible formulae

to k’-instances ¢(z, F'(b)), applying F' to the parameters defining the instance.
Given a tuple a in K, consider the collection

S(z1,. .., 20) = {0(Z, F(b) | ¢ diff. constructible & K = ¢(a,b)}.

A tuple @’ in K’ realizes ¥(x), that is, the tuple a’ realizes in K’ every instance in X,
if and only if F' extends to an L-isomorphism G: k(a) — k'(a’) mapping a to a’, by a
straightforward adaptation of Remark 1.7.

In particular, if K is an L-substructure of K’, a tuple a in K realizes a differentially
constructible k-instance in K if and only if a realizes the k-instance in K’.

DEFINITION 2.7. — Given a language expansion L = LsU{c;}ier, consider a differential
field K, seen as an L-structure, as well as a differential subfield k of K. A partial n-
type X(x1,...,zn) over k is a (possibly infinite) collection of k-instances ¢(Z,b) with
T = (x1,...,%,) and b in k such that ¥(Z) is finitely consistent in K, that is, for
every finite subset {pi(Z,b;)}™, of instances in ¥ there ewists a common realization
a=(ay,...,a,) in K™:

KE &@i(a,ai).

A partial n-type S(x1,...,2,) over k is realized by a = (ay, ..., a,) if K = ¢(a,b)
for every k-instance p(Z,b) of .

The differential field K is Ni-saturated if it realizes every partial n-type over every
countable differential subfield.

We now define the class of differential fields which will play a crucial role in the work
of Freitag, Jaoui, and Moosa (2022).

DEFINITION 2.8. — A differential field K is differentially closed if for every pair of

non-trivial differential polynomials P and Q in one variable with ord(Q) < ord(P), there
exists an element a in K with P(a) =0 # Q(a).

Notice that a differentially closed field K is in particular algebraically closed, since
on one hand, every polynomial can be seen as a differential polynomial (or order at
most 0) and on the other hand, the order of the constant polynomial 1 is —oo. It
follows immediately from Remark 1.2.(a) that the constant subfield Cx of K is also
algebraically closed.
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Remark 2.9. — (a) Every differential field can be embedded into a differentially closed
field, by a standard chain argument, using Remark 1.4.(b) (Marker, 1996, Lemma
2.2).

(b) As in Example 2.3, there exists an infinite collection of Ls-sentences, denoted by
DCFy, such that a differential field K is a model of DCFy if and only if it is
a differentially closed field. The theory DCF consists of adding to the theory
DF the collection of sentences (Xn.dad, )n.ad, described as follows: For every triple
(n,d,d;), choose an enumeration (MY, ..., MF) of all monomials in the variables
T, 7D, ... T of total degree at most d. Similarly, for every m < n, let (M)
be an enumeration of all monomials in the variables 7, 7™M ... T(™) of total degree
at most d;. The sentence x,, 44, encodes the particular axiom of differentially closed
fields for a given (shape of a) differential polynomial P of order n and degree at
most d, so

k k
X = N VIR Vs ((V 2 200V VL A0A A 4 =0) =

m<n B(m) j=1 « r=j+1
(S v (e, 7 ()8 () =0 A %: 2omy Ml (&, - - 6™ (1)) 0)).
«,]

Example 2.10. — We will exhibit two examples of partial 1-types in a differentially
closed field K over a countable subfield k.

(a) Given a differential polynomial P with coefficients in & of order ord(P), the following
collection of k-instances

Yp(z) ={Px) =0} U{Q(x) #0 | 0 # Q € k{T} with ord(Q) < ord(P)}

is a partial 1-type over k. Indeed, we need to show that every collection of finitely
many instances in X p(z) has a common realization in K. We may assume without
loss of generality that the instances we are given consist of the equation P(z) =0
together with instances requiring that a finite number of non-trivial differential
polynomials Q1 (z), ..., Qm(z) over k do not vanish. Now, the differential polynomial
Q = [I}~, Q; over k is again non-trivial of order strictly less than ord(P). Since
K is differentially closed, there exists an element b in K such that P(b) = 0 yet
Q(b) # 0, so Q;(b) # 0 for 1 < j < m. Hence, the collection of instances in ¥ is
finitely consistent, as desired.

If the differential polynomial P is irreducible, note that b in K realizes Xp if
and only if P is the minimal differential polynomial of the vanishing differential
ideal I(b/k). Such a realization need not in general exist (for example if K = k is
countable and n > 1).

(b) Similarly, the collection of k-instances

Yairer(z) = {Q(x) #0 | 0 # Q(T) € K{T}}
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is a partial 1-type over k. Indeed, finitely many k-instances in g, correspond
to finitely many non-trivial differential polynomials Qi(x),...,Qu(x) over k. If
we consider again the non-trivial differential polynomial Q(T") = [I7%; Q; of order
ord(Q) = ¢, the differentially closed field K has an element b with §“*(b) = 0, yet
Q(b) # 0, so thus Q;(b) # 0 for 1 < j < m, as desired.

An element b in K realizes gy, if and only if it is differentially transcendental
over k.

Remark 2.11. — In order to show that sone differential field K is Ni-saturated, seen
as an L-structure, it suffices to show that every partial 1-type over every countable
differential subfield k£ of K has a realization in K. Indeed, we argue by induction on
the number of variables, so consider a partial n-type X(z1,...,x,) over k. Now, the
collection of instances

{35[}1 /\ gOij($1,. .. ,:l:n,Bi].) ’ m e N & (,Dij<£[,’1, Ce >$n76ij) € E(i’)}

j=1
is a partial (n — 1)-type in the free variables xs, ..., z,, which admits a realization
(ag,...,a,) in K by induction on the number of variables. Our choice of as,...,a,

yields that the set of instances

{(,0(?[71,&2, s >an76) | (,D(Zf,l;) € E}

is now a partial 1-type over the countable differential subfield k(as, ..., a,). By assump-
tion, this partial 1-type is realized by some element a; in K. The tuple (aq,...,a,)
in K realizes X, as desired.

Non-principal ultrapowers always yield N;-saturated structures (Chang and Keisler,
1973, Theorem 6.1.1), whenever the language is countable.

Remark 2.12. — Given a countable language expansion £ = Ls U {¢; }ies, every dif-
ferential field K, seen as an L-structure, admits an elementary extension which is
N;-saturated, namely, the ultrapower [];; K, where U is a non-principal ultrafilter on N,
that is, a finitely additive probability measure on N only taking the values 0 and 1 such
that every finite set has measure 0. With this identification in mind, we will often use
the expression for U-almost all n in N if the collection of such n’s has measure 1, that
is, it belongs to the ultrafilter i.

The ultrapower [];; K consists of the equivalence classes of sequences (ay)nen in
[Then K, where we identify two sequences (ay,)neny and (a),)nen, if the corresponding
entries a,, and a, agree for U-almost all n. The ultrapower [];; K" becomes a differential
field, setting for the equivalence classes [(ay)]y and [(by)]y in [y K the following:

[(an + bn)lee = [(an)lee + [(0n)le; [(@n - 0n)lu = [(@n)]er - [(0n)]uss
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Given an Ls-formula ¢(x1, ..., x,,), we deduce L.o§’s theorem in this particular set-up,
by an easy induction argument on the number of quantifiers of its prenex normal form

(see Remark 2.4): for all equivalence classes [(a})]y, .., [(a™)]y, we have that

1;[ KEop ([(a}l)]u, e [(anm)}u> — KEopa,... a") for U-almost all n.

In particular, the differential field K is an elementary substructure of the ultrapower,
via the natural embedding

K — JlyK
a — [(a,...,a,..)]u

In order to prove that [];; K is Ny-saturated, consider a countable differential subfield %
of [Ty K as well as a partial (-type 3(xq, ..., x,) over k. Since both k and the language
expansion L are countable, there are only countably many k-instances. In order to
simplify the notation, list all the instances in X(Z) as (@m(Z, by))m>1 for some finite
tuple b, with entries in k consisting of equivalence classes of sequences. Now, for every
1 <m in N, we have that

u k=1
so by 1.o§’s Theorem the set of indexes
Xp={neN|m<n&KE3Iz N\ @u(z,br(n)),}

k=1

has U-measure 1, as the finite subset {0,...,m — 1} of N has U-measure 0. Set X, = N.
Given n in N, choose m,, in N the largest index with n in X, (such an index m,,
always exists, since ,, X, = 0). If m,, = 0, then choose a(n) an arbitrary ¢-tuple of
K*; otherwise let a(n) be a realization in K* of

7\ (&5 ).

The saturation of [, K will follow once we show that the equivalence class a = [(a(n))lu
realizes every formula ¢,,(Z, b,,) in 2(Z). By Lo§’s theorem, it suffices to show that

X C{n €N | K E @n(a(n),bn(n))},

for X, has U-measure 1. Now, if n belongs to X,,, then 1 < m < m,, (since m,, is largest
with n in X,,, ). Hence, the tuple a(n) in K" realizes the conjunction A;r ¢k (%, bk(7)),
and in particular the instance @,,(z,b,,(n)), as desired.

We will now state a version of Godel’s compactness theorem (Chang and Keisler,
1973, Corollary 1.2.12) customized for our purposes. The proof of the following Fact is
an easy application of the classical compactness theorem and Remark 2.12.
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Fact 2.13. — (The compactness theorem ) Consider a countable language expansion
L = LsU{ci}tier and an L-theory T of differential fields (see Example 2.3) which is
finitely consistent, that is, such that for every finite subset Ty of sentences in T, there is
a differential field (seen as an L-structure) which satisfies every sentence in Ty. Then,
there exists an Wi-saturated differential field K which satisfies every sentence in T'.

Our next goal is to introduce the fundamental model-theoretic property of quantifier
elimination for the particular case of differentially closed fields. Indeed, Theorem 2.18
yields that every differential formula is (logically equivalent) to a differentially con-
structible formula. Quantifier elimination is a syntactic notion which is strongly related
to the semantic notion of Ehrenfeucht—Fraissé games (which most model-theorists refer
to simply as Back-&-Forth).

DEFINITION 2.14. — Consider a language expansion L = L5 U {¢;}icr and two differ-
ential fields K and K' (seen as L-structures). We say that a collection S of partial
isomorphisms between countable differential subfields of K and K' is a Back-&-Forth sys-
tem if it satisfies the following two conditions for every partial isomorphism F: k — k'
in S, where k, resp. k', is a countable differential subfield of K, resp. of K'.

Forth : For every element a in K, there exists some extension of F to a partial
isomorphism G: k{a) — k'{(a’) in S for some o’ in K'.
Back : For every element V' in K', there exists some extension of F to a partial

isomorphism H: k(b) — K'(V') in S for some b in K.

Remark 2.15. — (a) It follows immediately from Remark 2.6 by induction on the num-
ber of quantifiers of the prenex normal form (see Remark 2.4) that every partial
isomorphism F': k — k' of a Back-&-Forth system S between K and K’ is a partial
elementary map, as in Definition 2.5.

(b) Every global isomorphism F': K — K’ induces a Back-&-Forth system by consider-
ing the restrictions of F' to countable differential subfields of £ of K. In particular,
isomorphisms are elementary maps and thus preserve satisfaction.

DEFINITION 2.16. — Assume that a theory of differential fields T in the language Ls
of differential rings admits a model, that is, a differential field which satisfies every
sentence (or axiom) of the theory T.

(a) The theory T eliminates quantifiers if for every Ls-formula (x4, ..., x,) there exists
a differentially constructible formula 0(xq, ..., xz,) such that

K =V, .. .V:L‘n(cp(xl, ce X)) S O(x, . ,:vn))

for every model K of T.
(b) We say that T is complete if every Ls-sentence which holds in some model of T
holds in every model of T
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We can now give a customized version of the separation lemma (Tent and Ziegler,
2012, Lemma 3.1.1) adapted to our setting. Whilst Back-&-Forth is relatively easy
to show in practice, it does not provide an effective method to describe the resulting
quantifier-free formula, due to the use of compactness in the proof of the next result.
Effective quantifier elimination is usually achieved via a more syntactic approach.

PROPOSITION 2.17. — Consider a theory of differential fields T in the language L;
such that T admits a model. Assume that for every two Xi-saturated models K and K’
of T the collection of all partial isomorphisms between countable differential subfields k
of K and k' of K' is a non-empty Back--Forth system. We have that the theory T is
complete and eliminates quantifiers.

Proof. — We first show that T eliminates quantifiers, so consider an Ls-formula
o(x1,...,x,). Choose new constant symbols ¢1, ..., ¢, and consider now T" as a theory
in the countable language expansion £ = L5 U {c1,...,¢,}. Every model of T can be

seen as an L-structure (by choosing a particular tuple for the interpretations of the
¢;’s). Given a differential constructible formula 6(zxq,...,x,), in order to show that

K |V .. .Vacn(cp(xl, cey Ty) & O(xq, . 7acn))

for every model K of T', it suffices to show that 6(¢) is logically equivalent to the sentence
¢(c) modulo T, that is,

K = (p(c) < 0(0))

for every model K of the L-theory T', seeing the differential field K as an L-structure.
So we need only show that there is some differential constructible Ls-formula 6(z) such
that the L-sentence 0(c) is logically equivalent to the L-sentence ¢(¢) modulo 7'

Clearly, if the L-sentence ¢(¢) does not hold in any model of T', then it is equivalent to
the differential constructible formula 0 # 0. Therefore, we may assume that 7°U {¢(c) }
admits a model. By compactness (Fact 2.13), fix some R;-saturated differential field K,
seen as an L-structure, satisfying every axiom of T as well as (¢). Let @ in K9 be the
interpretation of ¢ in K.

The L-theory

Ty =T U{~p(c)} U{d(c) | 6(x) is diff. constructible & K = 0(a)}

cannot be finitely consistent. Assume otherwise for a contradiction, so the above
collection of L-sentences has an Wi-saturated model K’ by compactness (Fact 2.13).
In particular, the tuple @’ = ¢X’ given by the interpretation of ¢ in K’ realizes every
differential constructible £-formula which is realized by a in K. By Remark 2.6 there
is an L-isomorphism F': Q(a) — Q(a’) mapping a to a’. By assumption together with
Remark 2.15.(a), we conclude that F' is a partial elementary map between K and K’,
yet K |= p(a) but K’ £ ¢(F(a)), which gives the desired contradiction.

Since T} is not finitely consistent, there are finitely many differentially constructible
formulae 6,(z),...,0,,(7) with K = AJL, 0(a) such that for every differential field L
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(seen as an L-structure), if L is a model of T', then
(1) LE(A60=00)
j=1

Set now O (7) = Aj~, 0;(7), which is a differentially constructible Ls-formula. Notice
that our Ny-saturated model K satisfies the L-sentence 0 (c).

Running now over all possible choices of N;-saturated models K of our theory 7" and
all possible differentially constructible formulae 6 as above, consider the L£-theory

Ty =T U{p(c)} U{—0k(c) | K is Ry-saturated & K = p(c)}.

Notice that T, is indeed a set of sentences, as our language L is fixed, though the
collection of all possible models of T is a proper class and not a set!.

We now show that the theory T5 is not be finitely consistent: Assume otherwise for a
contradiction. By compactness (Fact 2.13), the theory T3 admits an R;-saturated model
K', so K’ is a model of T with K’ |= ¢(¢) yet the corresponding formula 0/ (¢) does
not hold by construction, which gives the desired contradiction. As before, we deduce
that there are finitely many differentially constructible formulae 0, ..., 0k, such that
for every differential field L (seen as an L-structure), if L is a model of 7', then

) LE (o0 = V0, 0).

Now, the differential constructible formula 6(7) = Vj_, 0k, (7) is as desired. Indeed,
by (1) and (2), for every differential field L (seen as an L-structure), if L is a model
of T, then

L= (p(c) < 0(c)).-

In order to conclude, let us now show that 7' is complete. Assume otherwise for a
contradiction, so there exists an Ls-sentence y which holds in some model of T but not
in every model in 7. In particular, both theories T"U {x} and T"U {—x} are (finitely)
consistent, so compactness (Fact 2.13) yields two Ny-saturated differential fields K and
K', each one a model of T, such that K = x yet K’ = —y. By assumption, there are
countable isomorphic differential subfields & of K and k' of K’, as the Back-&-Forth
system between K and K’ is not empty. Every map in a Back-&-Forth system is a
partial elementary map, by Remark 2.15.(a), and thus preserves satisfation of sentences,
by Definition 2.5. We obtain the desired contradiction, so T" is complete. [

THEOREM 2.18. — Given two Ni-saturated differentially closed fields K and K', the
collection of partial isomorphisms between countable differential subfields k of K and k" of
K’ is a non-empty Back-&-Forth system. In particular, the theory DCFy of differentially
closed fields of characteristic 0 is complete and eliminates quantifiers. Fvery differential
monomorphism of differentially closed fields is elementary.
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Therefore, given a differentially closed field K, the collection of Kolchin constructible
sets (that is, given by instances of Kolchin constructible formulae) is closed under
projections.

Proof. — Completeness and quantifier elimination as well as the last assertion in the
statement follow by Proposition 2.17, once we show that, given two Ni-saturated differ-
entially closed fields K and K’, the collection of partial isomorphisms between countable
differential subfields k& of K and k' of K’ is a non-empty Back-&-Forth system. It is
clearly not empty, as both K and K’ have characteristic 0, so Q is a common differential
subfield of both K and K’, since Q only admits the trivial derivation.

Let us now show that Forth holds, since the proof for Back is analogous. Consider
therefore a partial isomorphism F': k — k' as well as an element a in K. If a belongs
to k, set G = F. Assume thus that a does not lie in k. If a is differentially algebraic
over k with minimal polynomial P,(7T), then set F'(F,)(T) the polynomial over k'
obtained from P,(T") by applying F' to each coefficient. The polynomial F(P,)(T) is
clearly irreducible over k' of order ord(P). By Remark 1.7, we need only show that
K’ contains an element a’ whose minimal polynomial over &’ equals F'(P,)(T). As in
Example 2.10.(a), the collection of k’-instances

Sicrn(x) = {F(P)(x) = 0} U{Q(x) #0 | 0# Q € K{T} with ord(Q) < ord(P)}

is a partial 1-type in the differentially closed field K’. Since K’ is N;-saturated and £’ is
countable, we deduce that K’ contains a realization a’ of X p(p,). By Remark 1.4.(b) and
Corollary 1.5, we deduce that the minimal polynomial of a’ over k' is indeed F'(P,)(T),
as desired.

If a is differentially transcendental over k, it suffices to show by the same argument
as above that K’ contains a differentially transcendental element a’ over k. As in
Example 2.10.(b), the collection of k’-instances

Sawe(v) = {Q(x) # 0| 0# Q(T) € K{T}}

is a partial 1-type over £’ in the differentially closed field K’. Since K’ is Xi-saturated,
there is a realization a’ in K’ of Ygg+.. We conclude as before that the isomorphism
F: k — k' extends to k{a) and k’{a), as desired. O

Quantifier elimination yields the following characterization of differentially closed
fields as existentially closed among differential field extensions.

COROLLARY 2.19. — A differential field K is differentially closed if and only if it is
existentially closed in the class of differential fields, that is, for every differentially con-
structible Ls-formula @(x1, ..., T, Y1, .., Ym) and every tuple b in KV if the instance
©(Z,b) has a realization in some differential field extension L of K, then there is a
realization of p(z,b) already in K.

Proof. — Tressl (2023, Theorem 2.1.3 (a)) gives an explicit proof that existentially
closed differential fields are differentially closed, using a straightforward adaptation of
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Remark 1.7. Let us therefore show the remaining implication, that is, that a differ-
entially closed field K is existentially closed. Thus, consider a K-instance o(Z,b) of
a differentially constructible Ls-formula and assume that there is a tuple a in some
differential field extension L of K realizing the instance (in L seen as a Ls-structure).
By Remark 2.9.(a), embed L into a differentially closed field L;. By Theorem 2.18,
the Ls-formula ¢ (y) = ITp(Z, y) is logically equivalent to a differentially constructible
formula 6(y) modulo DCFy, that is, in every differentially closed field, the sets defined
by (i) and by 0(%) coincide. Now, the instance o(Z,b) defines a Kolchin constructible
set, regardless whether we work in L or in the differential extension L;. Thus, we have
that L, = o(a,b) and hence the tuple b realizes 1)(y), and thus #(y) in the differen-
tially closed field L;. Since K is a differential subfield of L; and 6(y) is a differentially
constructible formula, we have that the tuple b realizes  in the differential subfield K
of L; by Remark 2.6. The field K itself is differentially closed, so K k= 1(b) and thus
K = 3z¢(2,b). We deduce that there exists a realization in K of the instance ¢ (7, b),
as desired. O

To avoid any possible confusion, we would like to stress out that every differentially
closed field K admits proper field extensions L which are differentially algebraic, that is,
every element a of L is differentially algebraic over K. Indeed, take a new transcendental
element u over K and consider the polynomial ring K[U] in the variable U. We can
endow K[U], and thus K (U), with a derivation extending the derivation of K such that
d(U) =0, so U is a new constant element which does not lie in Cg!

However, many classical results of Galois theory can be shown for differentially
algebraic field extensions of differentially closed fields. For example, the classical theorem
of the primitive element has a differential analogue, shown first by Kolchin (1944, p.
728 with m = 1), and more recently improved by Pogudin (2015, Theorem 2), which
is valid over every differentially closed field K, as K contains non-constant elements.
Indeed, choose a solution a in K to the differential algebraic equation §(7°) — 1 = 0
(setting Q(T') = 1 in Definition 2.8). The element a is not a constant and is moreover
transcendental over Q, by Remark 1.2.(a).

3. Universal models and differential closure

The goal of this section is to introduce the notion of saturated and prime models,
in order to relate the syntactic notion of types to the Galois theoretic notion of orbits
under the group of global automorphisms. Saturated models can be seen as universal
differentially closed fields in the sense of Kolchin.

From now on, we work inside an ambient N;-saturated differentially closed field U,
see Fact 2.13. Unless explicitly stated, all subfields are countable, all tuples are finite
and they will all be taken within U.



1245-21

DEFINITION 3.1. — Two tuples a and a’ have the same type over a differential sub-
field K of U, denoted by a =k @', if I(a/K) = 1(a'/K). This is equivalent to (each of)
the following properties (by Remark 1.7):

— There exists a partial isomorphism F: K{a) — K(a') fixzing K pointwise and
mapping a to a'.

— The tuples a and @' belong to the same differential constructible subsets defined
over K.

Note that having the same type over K is an equivalence relation. By an abuse of
notation, we refer to the equivalence class of the tuple a with respect to the equivalence
relation =k as the type of a over K, and denote this equivalence class by tp(a/K). An
element a’ in this equivalence class is a realization of the type of a over K.

DEFINITION 3.2. — The type of a tuple a over the differential subfield K is isolated by
the K-instance ¢(z,b) with b in K of a differentially constructible formula o(z,y) if

Uk p@,b) — d=xa
for all @ in U,

It follows from Remark 1.7 and Theorem 2.18 (or rather its proof using Back-&-Forth)
that the theory DCFy is w-stable: there are only countably many types of singletons
over a given countable subfield K of U. Indeed, the type of an element a over K is
uniquely determined by its minimal (differential) polynomial P,(7") in K{T'}. Since
there are only countably many differential polynomials over K, we immediately deduce
the w-stability of DCFy.

A consequence of w-stability is the existence of prime models:

FacT 3.3. — Given a countable differential subfield K of U, there exists a countable
differentially closed subfield K of U containing K, called the differential closure of K,
which is unique up to K-isomorphism among the differential field extensions of K
satisfying that the type of every finite tuple a in K over K s isolated.

If the K -instance ¢(z,b) isolates the type of a over K, then K = ¢(a,b) by Quantifier
Elimination (Theorem 2.18).

Note that every isolated type over K must be realized in the differential closure K
of K. Indeed, if p(z,b) is the 1solat1ng K-instance of the type of d over K, then
Corollary 2.19 yields a realization d’ in K so d and d’ have the same type over K.

Example 3.4. — As discussed at the end of Section 2, let a in U be such that §(a) =
The type of a over Q is isolated by the differential constructible formula (6(z) = 1).
Indeed, every solution a’ of the equation 6(7") = 1 is again transcendental over Q. Thus,
the differential fields Q(a) = Q(a) and Q(a’) = Q(a’) are isomorphic, so a’ has the same
type as a over Q.
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In contrast to the field algebraic closure or the real closure for ordered fields, the
differential closure need not be minimal, as shown by Rosenlicht (1974). Nevertheless
its field of constants does not increase.

COROLLARY 3.5. — If the field of constants Cx of K is algebmzcally closed, then there
are no new constants in K : if ¢ is a constant element in K then ¢ belongs to Ck.

Recall that the field of constants Cx of K is always algebraically closed whenever the
field K is algebraically closed, by Remark 1.2.(a).
Proof. — We first begin with an easy observation:

CrAam. — If C is contained in the algebraic closure K9 of K, then Cr =Ck.

Proof of Claim. Assume that every constant element in Cz is algebraic over K. A
constant element ¢ in Cz has then minimal polynomial m,(T") with coefficients in K.
An easy application of Remark 1.2.(a) yields that mS(c) = 0 (since §(¢) = 0), which
implies that every coefficient of m% must equal 0, as the degree of m?(T') is strictly smaller
than the degree of m.(7"). Hence, the minimal polynomial m.(7") has coefficients in the
algebraically closed field Cg, which gives the desired result. ClClaim

Let us now prove that every constant element ¢ in Cz is algebraic over K. By
Fact 3.3, the type of ¢ over K is isolated by a K-instance ¢(z,b) of a differentially
constructible formula ¢(z,%) with b in K. Assume for a contradiction that ¢ is not
algebraic over K, so the instance ¢(z,b) can only involve a finite number of differential
polynomial inequalities Q1(z) # 0,...,Qn(xz) # 0 with coefficients in K. Now, a
differential polynomial evaluated in a constant element translates into a polynomial
expression, so we may assume that each Q;(7') is a classical polynomial. The polynomial

- ﬁ@(T)

is non-trivial (as Q(c) # 0), so there exists some rational number ¢ in Q with Q(q) # 0.
Isolation yields that ¢ and ¢ must have the same type over K, which is a blatant
contradiction (as Q is contained in K yet ¢ is not algebraic over K). ]

We will now use the existence of the differential closure in order to produce a universal
differentially closed field. For this, we first need the following fact regarding the reqularity
of the first uncountable cardinal N;.

Fact 3.6. — Consider an increasing chain (K, )a<x, of countable fields, that is, such

that Ko, C Kg if a < <Ny and K, = U K, if v <Xy is a limit ordinal. For every
a<ly

countable subset A of U K., there is some a < Xy with A C K,,.

a<®Ny
PropPoOSITION 3.7. — Universal differentially closed fields ezist, that is, there is an Ny-
saturated differentially closed subfield U of U whose cardinality is exactly Xy. Moreover,
for every partial isomorphism F: K — K', with both K and K' countable subfields
of U, there is a global automorphism F': U — U’ whose restriction F{y equals F.
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Proof. — We will obtain U’ as the union of an increasing chain (K, ).<x, of countable
differentially closed subfields of U such that at every successor stage, the differential
field K11 contains a realization of every possible 1-type over K of an element a of U.
Set Ky = Q the differential closure of Q (as a differential subfield of U equipped with
the trivial derivation). Assume that (Kjz)s<, has been constructed for § < a. If aris a
limit ordinal, set K, the differential closure of Ug., Kg. If @ = v+ 1 for some vy, we
know by w-stability that there are only countably many types of elements of U over
K., so choose an enumeration (a,)nen in U of representatives of all these equivalence
classes. Hence, for every a in U there is some n in N with a =g a,. Set now K, the

differential closure of the countable differential subfield K., ((ay)nen)-

By construction, using Example 2.10.(a), the uncountable field U = U, .y, Ko is
differentially closed. Moreover, its cardinality is exactly N;. Let us show that U’ is
Ni-saturated: Indeed, by Remark 2.11, we need only show that U’ realizes every partial
1-type X(x) with parameters over a countable differential subfield & of U’. By Fact 3.6,
there exists some v < Ry such that £ is a subfield of K. The partial 1-type X is realized
in U by some element a, for U is N;-saturated. By construction, there exists some
representative a’ in K11 C U’ of the type of a over k, so o realizes X, as desired.

For the last assertion of the statement, consider a partial isomorphism F: K — K’
of some countable differential subfields K and K’ of U’. Choose enumerations (a4 )a<y;
and (al)a<x, of U\ K and U"\ K’. Repeating the proof of the Back-&-Forth argument
in Theorem 2.18 within the Ni-saturated differentially closed subfield U’, we obtain an
increasing chain (F,: L, — L.)a<y, of partial isomorphisms of countable differential
subfields L, and L/ of U’ with Fy = F: K — K’ such that for every a < N; the

elements a, and a,, lie in L,4q and in L], respectively. The map F' = U,«y, Fa is a

global automorphism of U’ = U,<n, La = Ua<y, L, extending F', as desired. O
COROLLARY 3.8. — Two tuples a and a' of a universal differentially closed field U’
have the same type over a countable differential subfield K of U’ if and only if a’ = o(a)
for some automorphism o of the differential field U’ fixing K pointwise. O

One of the main features of automorphisms in a universal differentially closed field
is the following result, which can be seen as some sort of Galois correspondence. The
proof follows the lines of the use of the classical separation lemma in our customized
version in Proposition 2.17.

LEMMA 3.9. — Given a universal differentially closed field U', a differentially con-
structible subset X of (U™ and a countable differential subfield K of U', we have that
X is given by a K-instance ¢ (z,a) of a differentially constructible formula with pa-
rameters a in K if and only if X is setwise invariant under the action of the group
Auts(U'/K) of differential automorphisms of U fixing K pointwise.
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Proof. — If X is given by a K-instance, then it is clearly Auts(U’/K)-invariant. There-
fore, we need only show the converse, so assume that the differentially constructible
set X is Auts(U’/K)-invariant.

CLAIM. — For every b in X, there exists some K -instance @5(Z,a) with parameters in
K such that U’ |= ¢3(b,a) and

U Va(p3(7,a) = 7 € X),

where we identify the expression “x € X7 with the differential constructible instance
defining X .

Proof of Claim. Given b in X, the collection of K-instances
(@) ={¢(7a) |ae K &U Eyba)}u{s ¢ X}

cannot be finitely consistent in U’. Assume otherwise for a contradiction. By N;-
saturation of U’ as the differential subfield K is countable, the partial type (Z) has a
realization ¢’ in U’. Now, the tuple &' has the same type as b over K, so by Corollary 3.8
there is an automorphism o of Auts(U’/K) mapping b to &'. However, the tuple b’ does
not lie in the Auts(U’/K)-invariant set X, which yields the desired contradiction.

Therefore, there are finitely many K-instances 1;(Z, a;), each realized by b, such that
every realization of ¢5(Z,a) = A, ¥;(Z,a;) in U’ lies in X, as desired. [CClaim

Now, since K is countable, there are only countably many K-instances ¢; as in
the Claim, even if X may be possibly of cardinality N;. Consider the collection of
K-instances

Y1 (z) ={z € X} U{~yp3(z,a) | p; as in the above claim};. y.

Assume for a contradiction that ¥ (z) is finitely consistent. By N;-saturation of U’,
as K is countable, there is a realization b; in U’. The element b; belongs to X, yet
U’ |~ @3, (b1, @) by construction, contradicting the choice of ¢z in the Claim.

Hence, the the collection of K-instances ¥, is not finitely consistent, so there are
finitely many K-instances 3 (7, a;)'s such that every b in X must realize the disjunction
o(z,a) = V; 3, (T,a;). Hence, the differentially constructible set X is defined by the
K-instance ¢(Z,a), as desired. O

We will conclude this section with two easy observations, which will be useful all
throughout these notes. They provide an algebraic description of the model-theoretic
definable and algebraic closures of a subset A of the universal differentially closed field U'.

COROLLARY 3.10. — Given a finite tuple a in a universal differentially closed field U’
and a countable differential subfield K of U', either a belongs to K or there exists some
tuple a’ # a whose type over K equals the type of a over K.



1245-25

Proof. — By automorphisms, using Corollary 3.8, we may assume that the tuple a
consists of a single element a. Assume therefore that a does not belong to K. If a is
differentially transcendental over K, choose some a’ in U’ differentially transcendental
over K (a) by Wy saturation, so a’ # a yet a =k d/, as desired.

If a is differentially algebraic over K, its minimal polynomial P,(7’) has either order 0,
yet is not linear (as a polynomial in T') or its order is n > 0. In the first case, choose
another root a’ # a of P, in (the algebraically closed field) U’. If the order n of P, is
strictly positive, Example 2.10 yields that the collection of K-instances

N(x) = {Pa(z) = 0} U{Q'(x) #0 [ 0 # Q(T) € K(a){T} with ord(Q') < ord(P)}

is a partial 1-type over K (a) (as in Definition 2.7). Now, since U’ is N;-saturated, the
partial 1-type 3(z) admits a realization a’ # a in U whose minimal polynomial over K
is Py(T), so a =k ', as desired. O

Mimicking the above proof, we immediately deduce the following result.

COROLLARY 3.11. — Given a finite tuple a in a universal differentially closed field U’
and a countable differential subfield K of U', either a belongs to K9 or the orbit of a
under Auts(U'/K) is infinite, where Auts(U'/K) denotes the subgroup of all differential
automorphisms of U’ fixzing K pointwise. O]

We provide a quick sketch of the proof: after reducing to a single element a, which
we may immediately assume to be differentially algebraic (since the differentially tran-
scendental case is easy), it suffices to notice that if a is not algebraic over K, then its
minimal differential polynomial P,(T") over K must have order n > 0.

4. Basics of stability and independence

Whilst we introduce in the previous section the notion of (w-)stability in terms of the
number of types, one of the key features of this notion is that it is canonically equipped
with an abstract notion of independence (defined in purely combinatorial terms). In the
particular case of differentially closed fields, this notion of independence can be easily
described in algebraic terms, yet one of the core goals of geometric model theory is the
study and development of the independence notion at an abstract level.

From now on, we work inside an ambient universal N;-saturated differentially closed
field U, as in Proposition 3.7. All subfields and tuples will be taken within U. Unless
explicitly stated, all proper (differential) subfields of U we consider will be countable.

DEFINITION 4.1. — Consider differential subfields K, L and k of U with k C K N L.
We say that K and L are independent over k, denoted by K \LkL, if K and L are
algebraically independent over k, that is, if for every tuple (aq,...,a,) of K and every
non-trivial polynomial P(Ty,...,T,) with coefficients in L such that P(ay,...,a,) =0,
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we have that Q(ay,...,a,) = 0 for some non-trivial polynomial Q(T4,...,T,) with
coefficients in k.
Two tuples @ and b are independent over the differential subfield k of U if the differ-

ential subfields k(a) and k(b) of U are independent over k.

Remark 4.2. — (a) Linear disjointness, introduced in Remark 1.2 (b), always implies
algebraic independence. These two notions coincide whenever the base subfield & is
(relatively) algebraically closed (Lang, 2002, Chapter VIII, Theorem 4.12).

In particular, Remark 1.2 (b) yields that, whenever K and L are independent
over the algebraically closed differential subfield &, the compositum field K - L as
a differential subfield of U has a unique derivation extending both the derivations
on K and on L.

(b) Consider a differential subfield k& of K and a tuple a of U. We have that k(a)
is linearly disjoint from K over k if and only if the differential ideal I(a/K) can
be generated (as a radical ideal) by finitely many differential polynomials with
coefficients in k& (Lang, 2019, Chapter III, §2, Theorem 8).

The field k(a) is always linearly disjoint from K over k whenever k(a) | , K and
k is algebraically closed, by the previous discussion.

Remark 4.3. — The above notion of independence satisfies the following properties
(Lang, 2002, Chapter VIII, §3) for every triple of differential subfields K, L and k of U
as above:

Invariance : Given an automorphism o of the differential field U, we have that
K |, L if and only if o(K) \La(k) o(L).

Symmetry : The independence K |, L holds if and only if L |, K.

Finite Character : The independence K J/k L holds if and only if all finite tuples
a of K and b of L are independent over k.

Monotonicity & Transitivity : Given a differential subfield M of U with L C M,
denote by Q(K U L) the differential field generated by K and L. We then have
the following:

K|, L
K| M = and
: QEKULY |, M

Algebraic closure : The independence K |, L holds if and only if K9 |, L%
Moreover, if an element a is independent from k(a) over k, then a is algebraic

over k.

Consider a differential subfield K and a finite tuple a of U such that k(a) |, K,
where k is a differential subfield of K. It follows immediately from Invariance that this
independence does not depend on the particular representative of the type of a over K,



1245-27

that is, for every @’ = a, we have that k(a’) J/k K, by Corollary 3.8. In this case, we
say that a is independent from K over k.

Remark 4.4. — (a) The independence notion defined above satisfies the following prin-
ciple of Stationarity: Assume that K | . L with k algebraically closed. Given
partial isomorphisms F': K — K’ and G: L — L' which agree on k, if K’ J/F(k) L,
then the composita fields K - L and K’ - L’ are isomorphic as differential fields,
by Remark 4.2.(a). Thus, there exists a global automorphism o of the differential
field U extending both F' and G such that o(K - L) = K'- L'.

By Remark 4.2.(a), stationarity also holds if k is relatively algebraically closed
in L (and thus the field F'(k) = G(k) is also relatively algebraically closed in L', by
Proposition 3.7).

(b) The independence notion of Definition 4.1 satisfies the Extension property: Given
a finite tuple a and a (countable) differential subfield K of U with a differential
subfield & C K, there exists some @’ in U with @’ =; @ and k(@) |, K. Indeed, we
may assume by Algebraic closure that k is algebraically closed. Working inside
some ambient algebraically closed field (containing our universal differentially closed
field U), we can find a differential field extension L of k, possibly outside of our
ambient model U, which is linearly disjoint from K over k such that L contains a
tuple b whose differential vanishing ideal over & is I(a/k) (Lang, 2019, Chapter III,
§2, Corollaries 1 & 2). The compositum K - L is a differential field extending K, by
Remark 1.2 (b). Moreover, the tuple b has the same differential vanishing ideal as
a over k and k(b) | . [€. We need only find a realization @’ in U which belongs to
the same Kolchin constructible subsets of Ul?l defined over K as those induced by
the tuple b of K - L over K, and thus @ =, @, by Definition 3.1. Indeed, if we have
find such a tuple @', we immediately have that k(a’) \Lk K, for this independence is
encoded by Kolchin constructible subsets of K - L defined over K containing b.

By Remark 2.9.(a), we can embed K - L (and thus K) into some differentially
closed field M. Using Remark 2.6 and Corollary 2.19, we conclude that the collection
of K-instances

(P21, z0) = O}P(T)eI(B/K) U{Q(z1, ..., x,) # O}Q(T)gg(z;/K)

is a partial n-type over K in U, where n = |b|. By ¥;-saturation of U, there exists
a realization a’ of the above partial type in U, as desired.

The use of stationary types, which will be defined below, extends the principle of
stationarity to types whose parameter set need not be algebraically closed.

DEFINITION 4.5. — The type of a finite tuple a over a differential subfield K of U is
stationary if the field extension K C K(a) is regular, that is, if K(a) and K% are
linearly disjoint over K.

The above definition does not depend on the choice of representative for the type of a
over K. Indeed, given another tuple a’ with the same type as a over K, Corollary 3.8
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yields an automorphism o in Auts;(U/K) with @ = o(a). Note that o permutes K9,
so K(a') and K9 are linearly disjoint over k by invariance of linear disjointness.

Types over algebraically closed differential subfields are stationary, directly from the
definition.

Remark 4.6. — Consider a differential field extension K C L and a tuple a in U.

(a) Transitivity of linear disjointness (Lang, 2002, Chapter VIII, Proposition 3.1) yields
that stationary types satisfy the Stationarity principle of Remark 4.4.(a), that is,
if the type of a over K is stationary, whenever K(a) | , L and K(a') | , L with
a’' =k a, then a and @’ have the same type over L.

(b) If @ is independent from L over K and the type of a over K is stationary, then the
type over a over L is again stationary.

(c) If both the types of a and of the tuple b of U over K are stationary with a and b
independent over K, then the type of the tuple (a, 5) is stationary over K.

Proof. — For (a), we may assume by Algebraic Closure, that L is algebraically
closed. Using the transitivity of linear disjointness, we have that K{a) and L are
linearly disjoint over K, and likewise for K(a’) and L, by Remark 4.2.(a). Hence, the
partial isomorphism mapping a to a’ and fixing K pointwise extends to an isomorphism
L{a) — L{d’) fixing L pointwise. Thus it follows that a = a’, as desired.

The proof of (b) is similar: Using Algebraic Closure, we have that a is independent
from L% over K, so K(a) and L% (and hence L) are linearly disjoint over K, by
regularity of the extension K C K(a) (for the type of a over K is stationary). Now,
the compositum K (a) - L is a differential field which equals L(a). Using transitivity of
linear disjointness, we conclude that the extension L C L(a) is regular, as desired.

For (c), note that the independence of @ and b over K yields that K®9(a) and

K99(b) are linearly disjoint over K g Notice that K% (a) = K9 . K(a) and similarly

K% (p)y = K . K(b). Transitivity of linear disjointness, using that the extension

K C K(a) is regular, yields that K{(a) and K%9(b) = K% - K(b) are linearly disjoint
over K. In particular, by transitivity of linear disjointness, using now that the extension
K C K(b) is regular, we conclude that the differential field K (a,b) = K(a) - K (b) is
linearly disjoint from K9 over K, so the extension K C K{(a,b) is regular. O

The notion of a Morley sequence is ubiquitous in model theory. Whilst the definition of
Morley sequences in the abstract setting requires the additional notion of indiscernibility,
this property will follow automatically from the Stationarity principle in our context,
see Remark 4.8.(c) below.

DEFINITION 4.7. — Given a stationary type of a tuple a over a differential subfield K
of U and a natural number m > 1, a Morley sequence (of length m) of the type of a
over K is a sequence (ay,...,ay) of realizations of the type of a over K (so a; =k a)
with
K<(_IZ> \LK(C_Ll,...,aZ‘_1> fO’I" all 2 S 1 S m.
K
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Remark 4.8. — Consider a Morley sequence (ay,...,a,) of the stationary type of a
over K.
(a) For every permutation 7 of {1,...,m}, the sequence (G-, .. ., Gr(m)) is also a Morley

sequence of the type of a over K, by a straightforward application of Monotonicity
& Transitivity.
(b) The type of the tuple (ay,...,a,) over K is again stationary, by Remark 4.6.(c).
(c) Consider a differential field extension L of K with

K{a,....am) | L.
K

The sequence (ay, ..., an,) is a Morley sequence of the type of a; over L (which is
stationary by Remark 4.6), by Stationarity as well as Monotonicity & Transi-
tivity.

In particular, for every 1 <4 < j < m, we have that a; and a; have the same

type over K(ay,...,a;_1), since
K(C_Ll, &J> J/ K<C_L1, ce. ,di_1>.
K
Thus, the subsequence (a;, ..., a,) is a Morley sequence of the (stationary) type of
ELZ' over K<EL1, Ce 7&i—1>-

(d) Every stationary type admits a Morley sequence of length m for every m in N
by Extension 4.4.(b). Any two Morley sequences of the same length have the
same type over the base subfield, again by Stationarity. Thus, we can map one
Morley sequence of a given fixed length to another one of the same length by an
automorphism fixing the base subfield.

In order to introduce the fundamental notion of the canonical base of a stationary
type, we first recall Weil’s field of definition of a differential ideal.

DEFINITION 4.9. — Given a finite tuple a and a differential subfield K of U, the
(differential) field of definition of the type of a over K is the smallest differential
field k C K such that the vanishing ideal I(a/K) admits generators over k, that is,
with I(a/K) = I(a/k) - K{T}. Such a field exists and is fixed pointwise exactly by
the automorphisms of U which fix I(a/K) setwise (see Lang, 2019, Chapter VIII, §2,
Theorem 7 € Tressl, 2023, Theorem 2.3.5).

PROPOSITION 4.10. — Given a differential field K and a tuple a in U such that the
type of a over K is stationary, set the canonical base Ch(a/K) to be the differential field
of definition of the type of a over K. The canonical base has the following properties:

(a) The type of a over the differential subfield k = Cb(a/K) is again stationary and the
field k{a) is linearly disjoint, and thus independent, from K over k.
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(b) For every differential subfield K, of K, we have that Ki{a) and K are linearly
disjoint over Ki if and only if Cb(a/K) C Ki. In particular, it follows from
Algebraic Closure that

Kia) | K < Ch(a/K)c K".
K

(c) If a is independent from L over K, where L is a differential field extension of K,
then Cb(a/L) = Cb(a/K) (Note that the type of a over L is stationary by Re-
mark 4.6.(b)).

(d) Canonical bases are finitely generated (as differential fields), that is, there exists a
finite tuple b of K such that Cb(a/K) = Q(b).

(e) There exists some m in N such that the canonical base Cb(a/K) is algebraic over
Q(ay, . ..,ay) for every Morley sequence (aq,...,an) of the type of a over K.

Proof. — Set k = Cb(a/K). Remark 4.2.(b) yields that k(a) is linearly disjoint from K
over k and thus k(a) | , K, by Remark 4.2.(a). Since the extension K C K(a) = k(a)-K
is regular, transitivity of linear disjointness gives that k& C k(a) is also regular, which
gives (a).

We deduce (b) in a similar fashion. For the first part, use Remark 4.2 and the
definitional property of the field of definition. The last part follows from Algebraic
Closure.

In order to prove (c), assume that K C L is a differential field extension with
K(a) |, L. By Algebraic Closure, using Remark 4.2.(a), transitivity of linear
disjointness and that the extension K C K(a) is regular, we deduce that K (a) and L9,
and thus L, are linearly disjoint over K. Again by transitivity of linear disjointness,
the fields k(a) and L are linearly disjoint over k, which yields that k& = Cb(a/L) is
contained in Cb(a/K’). The other inclusion is immediate using that k;(a) and L are
linearly disjoint over ky C K, so ki(a) and K are also linearly disjoint over k;, which
yields that k& C k; by part (b) above.

For (d), we need only find some finite tuple b in k = Ch(a/K) such that Q(b,a) is
linearly disjoint from k over Q(b) (using (b)). Split the tuple @ = a1ay, where @, is a
maximal subtuple of a consisting of differential transcendental elements and independent
over k (as in Definition 1.6), whereas each coordinate in the tuple a, is differentially
algebraic over k(a,).

For a tuple d of U, its n'"-prolongation is the tuple V,(d) = (d,5(d),...,5"(d)).
Choosing a suitable integer n, the prolongation V,,(a) witnesses all differential algebraic-
ities of ay over the field k(V,(ay)) (without taking further derivatives). Remark 1.2.(a)
yields that k(a) = k(V,(a))({Vm(a@1)}m>n). The (algebraic) vanishing ideal of V,,(a)
over k has a field of definition Q(b) for some finite tuple b of k (by Hilbert’s Nullstellen-
satz). In particular, the fields Q(b)(V,(a)) and k are linearly disjoint over Q(b), as in
part (a) of this proof. Since the family (V(ay)).,>n consists of algebraically independent
elements over k, we deduce from (Lang, 2002, Chapter VIII, §3, Proposition 3.3) that
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the fields Q(b, @) = Q(b)(V,(a), {Vyn(@1)}m>n) and k are linearly disjoint over Q(b), as
desired.

For the last item (e), set b a tuple of generators of Ch(a/K), by part (d) above.
Replace the tuple a with a suitable prolongation V,(a) as before, so every further
derivative is already algebraic (in the field sense) over K(V,(a)). We need only show
that the field of definition Q(b) (in the algebraic sense) of our new tuple @ over K
lies in the algebraic closure of the field generated by m-many independent realizations
ar,...,an of the type of @ (or rather of V,,(a)) over K, where the integer m = trdeg(b).
Assume otherwise, so for k& < m, we have that the tuple b does not lie in Q(ay, .. ., a)™9

(Note that we are working in classical commutative algebra without taking differential
fields).

Since the sequence aq, ..., a,, is independent over K, we have that
K(ag) | K(ay,...,ax1) for all k <m,
K

SO

(1) Q(b,ax) | Q(b,ay,...,a,) for all k < m,
Q)

by Monotonicity & Transitivity, for a; and a have the same type over K. Thus, the
field Q(b) is also the field of definition of the vanishing ideal of a; over Q(b, as, . .., ax_1),
similarly as in the proof of (c) of this Proposition. If we have for some 1 < k < m that

@(67 ak) J,/ Q(Z;? dh s 7&/6—1);
Q(al ..... ak,l)

it would follow from part (b) that b is algebraic over Q(ax, ..., a,_1), contradicting our
assumption. Thus, the algebraic dependence

(2) Q(b,ar) [ Qb,ay,...,ax ) forall k <m
Q(at,...,ap—1)

yields that for all 1 < k <m
_ _ - (1
(3) s =trdeg(ax/K) trdeg(ax/Q(b)) @
_ - _ _ (2) _ _ _
= trdeg(ay/Q(b, ay, ..., ax_1)) < trdeg(ax/Q(ay,...,ax_1)),

and thus

(4) s+ 1 < trdeg(ar/Q(ay, ..., a,_1)) for all & < m.
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The following computation

m

m(s+1)=m+m-s=trdeg(b) + Z s ) trdeg(b) + i trdeg(a, /Q(0, {a;}i<k)) =
k=1 k=1
= trdeg(b, {a@r }rem) = trdeg({ar }rem) + trdeg(b/Q({ar trem) =

= S trdeg(@r/Q({a;}yer) + trdeg(B/QU{ax}rem) >

k=1
> s+ 1+ trdeg(b/Q({ax trem) > m(s +1) +1>m(s+ 1)
k=1

yields the desired contradiction. O]

Remark 4.11. — It is not difficult to show that for some m in N the canonical base

Ch(a/K) of a over K belongs to the differential field Q(ay, ..., a,,) for every Morley

sequence (ay,...,a,). Indeed, it suffices to show this for the coefficients of the field

of definition of the ideal in the classical algebraic sense. After choosing a suitable
enumeration of the monomials, every realization a; induces a linear dependence for the
coefficients. Choosing the prolongation index n sufficiently large, this translates into an
invertible matrix, whose entries can be computed using Cramer’s rule.

Proposition 4.10.(a) and (d) yield immediately the following result:

COROLLARY 4.12. — The independence notion for the theory of differentially closed
fields introduced in Definition 4.1 satisfies a strong version of Local Character: For
every finite tuple a of U and every differential subfield K of U, there exists a finite tuple
b of K such that a is independent from K over the differential field generated by b. [

As shown by Kim and Pillay (1997) (see also the work of Harnik and Harrington
(1984) for stable theories), the independence notion of Definition 4.1 is canonical and
coincides with non-forking independence as introduced by Shelah (1990).

5. Geometric stability and minimality

The purpose of this section is to introduce minimal types, which are the building
blocks to analyze types (of finite rank) in differentially closed fields. Zilber’s trichotomy
principle (Fact 5.15) for minimal types as well as the semi-minimal analysis (Proposi-
tion 5.22) will play a fundamental role in the proof of Freitag, Jaoui, and Moosa (2022)
in Section 7.

By Proposition 3.7, we work inside an ambient universal N;-saturated differentially
closed field U. All finite tuples and proper subfields are taken within U and are assumed
to be countable, unless explicitly stated.
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DEFINITION 5.1. — The type of a finite tuple a over a differential subfield K of U has
finite rank if every coordinate of a is differentially algebraic over K (see Definition 1.6),

or equivalently, if the differential field K (a) has finite transcendence degree over K, by
Corollary 1.8.

The above definition does not depend on the representative of the type of a over K,
by Corollary 3.8.

Remark 5.2. — (a) If @ has finite rank over K, then so does b, whenever b belongs to
K{(a)™9.

(b) If @ has finite rank over K and K C L is a differential field extension, then a has
also finite rank over L. Moreover, we have that

K@) | I <= trdeg(K(a)/K) = trdeg(L{a)/L).

Therefore, we will now define the Lascar or U-rank of the type of a over K, denoted
by U(a/K), as the number of times that a can become dependent from some dif-
ferential field extension L of K, that is, we set U(a/K) > n + 1 if there is some
differential field extension L of K with

U(a/L) >n and K{(a) J L,

whereas the inequality U(a/K) > 0 always holds. Note that U(a/K) <
trdeg(K (a)/K), so the U-rank U(a/K) is a well-defined positive integer whenever
a has finite rank over K. However, equality need not hold: if the element a is
differentially algebraic (and hence of finite rank) over K, its U-rank can be strictly
smaller than the differential order of any minimal differential polynomial of a
over K. For example, it follows from Corollary 7.10, that the generic type (as in
Remark 7.2) of Poizat’s equation 6%(T)T = §(T), which already appeared in the
Introduction, has U-rank 1, but differential order 2.

It is not difficult to see that U-rank witnesses independence: whenever L is a
differential field extension of K, we have that

U(a/L) < U(a/K) and moreover, U(a/L)=U(a/K) <= K(a) % L.

Therefore, we have that U(a/K) = 0 if and only if a is algebraic over K. Furthermore,
if the tuple b belongs to K (a)*9, Monotonicity & Transitivity yield the following
special case of Lascar’s inequalities (Lascar, 1976, Theorem 8):

U(a/K) =U(b/K) + U(a/K (b)) > U(b/K).
DEFINITION 5.3. — Given a finite tuple a over a differential subfield K of U, we say
that the type of a over K 1is:

— non-algebraic if at least one coordinate of a is transcendental over K, or equiva-
lently, if U(a/K) # 0, by Remark 5.2.(b);
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— minimal if it is non-algebraic and for every differential field extension L of K, we
have that a is either algebraic over L or independent from L over K. Notice that

this does not depend on the representative for the type of a over K, by Corollary 3.8.
Remark 5.4. — (a) If the type of @ over K is minimal and the tuple b belongs to K (@),
either b belongs to K% or the tuples a and b are interalgebraic over K, that is
K{a)® = K(b)®: Indeed, if b is not algebraic over K, then a is not independent

from K(b) over K by Algebraic Closure. Minimality of the type now yields that
a belongs to K (b)®, as desired.

If @ and b are interalgebraic over K, then the type of b over K is minimal whenever
the type of a over K is.

(b) Minimal types have finite rank: Assume for a contradiction that one coordinate b of
the minimal type of a over K is differentially transcendental over K. Consider the
differential field extension K C L = K(d(b)). Clearly, the tuple a is not algebraic
over L, as b does not belong to K(§(b))*. By minimality, we deduce that a is
independent from L over K and hence so is d(b). By Algebraic Closure, we
conclude that 0(b) is algebraic over K, which gives the desired contradiction.

(c) It follows directly from the definitions (using Remark 5.2.(b)) that a type of finite
rank is minimal if and only if it has U-rank 1.

Zilber’s trichotomy principle establishes that minimal types can be divided, up to
non-orthogonality (see Definition 5.12), into three categories, one of which consists of
the (unique) minimal type given by transcendental constant elements.

Example 5.5. — 1t follows from Example 2.10.(a), with £ = Q and P(7T") = 6(T), that
there are transcendental constant elements Cy. Any two such elements have the same
type over Q by Remark 1.7, so we will refer to the type of any transcendental constant
element c as the type of the constants. Observe that this type is clearly stationary, since
Q{c) = Q(c) is a purely transcendental extension of Q, and hence regular.

Given a realization ¢ of the type of the constants, if ¢ is transcendental over the
differential field K, or equivalently, if ¢ is independent from K over QQ, we have that the
type of ¢ over K is again stationary by Remark 4.6.(b). We will refer to this (unique)
type as the the type of the constants over K.

For every differential field K, the type of the constants over K is minimal: It is
clearly non-algebraic. Consider now a constant element ¢ transcendental over K and a
differential extension K C L such that ¢ is not independent from L over K. We need
to show that ¢ belongs to L%, which follows immediately from Remark 5.2.(b), since
the differential field K (c) = K(c) has transcendence degree 1 over K.

Another relevant class of minimal types in the trichotomy principle is given by those
types with trivial geometry, as explained below. Triviality roughly says that three
realizations are independent whenever they are pairwise independent.
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DEFINITION 5.6. — The stationary type of a finite tuple a over the differential sub-
field K of U 1is trivial if
Ki(as) | Ki(a1,as)

Ki
for every differential field extension K1 of K and realizations ai,as and az of the type
of a over K realizing the following conditions:

— each a; is independent from Ky over K ;
— For i # j in {1,2,3}, the tuples a; and a; are independent over K.

Remark 5.7. — As shown by Goode (1991, Lemma 1) (the alter ego of a well-known
model theorist), whenever the stationary type of a over K is trivial, then every sequence
ai,...,a,, of realizations of a over K satisfying the following two conditions:

— K{a;) |, K for each 1 <i <my

— Ky (a;) J/Kl Ki(a;) for 1 <i# j <m;
is a Morley sequence of the type of a over K, that is,

K<C_LZ>J_/K<C_L1,,(_IZ_1> for a112§@§m
K

Remark 5.8. — (a) A definable group is given by a Kolchin constructible set G in some
cartesian product of U equipped with a group law - such that the map (or rather
its graph)

GxG — G

(z,y) — a-y™
is Kolchin constructible. Archetypal examples of definable groups are differential
algebraic groups (where the group law is given by differential polynomials, or rather
by differential rational functions). As shown by Pillay (1990, Theorem 21), the
category of definable groups and the category of differential algebraic groups (in
differentially closed fields) are equivalent. Moreover, definable groups definably
embed into algebraic groups, as shown by Pillay (1997, Corollary 4.2) (see also the
work of Kowalski and Pillay (2002, Theorem 4.1)).

(b) A definable action of a definable group G on a Kolchin constructible set X is a

group action

GxX —» X

(g,x) — g*x
whose graph is Kolchin constructible. The action is defined over a given differential
subfield K of U, if G, X and the graph of the group action are all defined over K.

(c) Assume that the definable group G is defined over the differential subfield K of U. A

Kolchin constructible subset of G is generic (though model-theorists should definitely
use the terminology syndetic) if finitely many translates cover G. An element g
of G is generic over K if it only lies in generic Kolchin constructible subsets defined
over K. Genericity is a property of the type of an element and generic elements (or
generic types) exist (Poizat, 1987, Chapter 2, §1). Generic elements are exactly the
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generic elements in the sense of the Kolchin topology. If the definable group G is
defined over K and all elements of G have finite rank over K, then an element g
of G is generic if and only if its U-rank U(g/K) is maximal among the rank of
elements of GG. Thus, if G is infinite, then no generic element is algebraic over K.

Assume now that G is defined over K and that all elements of G have finite
rank over K. It is easy to see that, if two elements g and g; of G are generic and
independent over K, then their product ¢- g; is again generic and independent from
each factor over K.

(d) A definable group G defined over K is connected if it has no proper definable
subgroup of finite index. Every definable group has a connected component, which
is again a definable subgroup of G defined over K. Any two generic elements
over K (or equivalently over K9) in the connected component have the same type
over K.

(e) Two tuples @ and b are interalgebraic over a differential subfield K if K(a)® =

K (b)ys.

A generic element g of an infinite group G defined over K cannot be interalgebraic
over K with a tuple a whose type over K is trivial. Assume otherwise for a
contradiction. Set a; = a and g; = g. It is easy to show that we may assume the
base field K to be algebraically closed and that the generic element belongs to the
connected component of G (since the latter has finite index in ). By Extension
and Corollary 3.8 we can find another generic g9, independent from g over K. Since
the connnected component only has one generic type, we conclude that such that
go must also be interalgebraic over K with a tuple ay with as =k a. The product
g3 = g1 - g2 is again an element of the connected component and is generic over K.
Thus, by automorphisms (Corollary 3.8), we find a realization as of the type of a
over K such that g; - g5 is interalgebraic with az. Since the product is independent
from each factor, we deduce that a, and a; are independent over K for ¢ # j.
Since the type of a is trivial, we have that K(a3) is independent from K (a;,as)
over K. Algebraic Closure gives now the desired contradiction, since the product
g3 = g1 - go is not independent from K(g;, g2) over K.

It follows from the above remark that the type of the constants is not trivial. Theo-
rem 7.8 will provide a criterion to determine when the type of a differentially algebraic
element is trivial of degenerated geometry.

Trivial types are particular examples of 1-based types, for which we can choose m =1
in Proposition 4.10.(e).

DEFINITION 5.9. — Consider a differential subfield K of U and a finite tuple a such
that the type of a over K 1is stationary. This type is 1-based if for every differential field
extension L of K and every finite tuple b= (ay, ..., a,) consisting of realizations a; of
the type of a over K, we have that the canonical base Ch(b/L¥9) is algebraic over K (b).
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In particular, a single realization of the type of a over K suffices to determine its
canonical base, that is, we have that Cb(a/LY9) is a differential subfield of K {a)®9 N L9,

It follows directly from the definition that if the type of a over K is 1-based, then so
is the type of a over L for every differential field extension L of K.

The type of the constants of Example 5.5 is not 1-based: Indeed, by the above
discussion, it suffices to show this working over the prime field Q. Choose algebraically
independent transcendental constant elements a, b and ¢ and set d = ac +b. The
generic point (¢, d) belongs to the generic line given by the equation y = az + b. In this
particular case, the differential field Q(a, b) = Q(a, b), so it is not difficult to see, along
the lines of the proof of Pillay (1995, Lemma 3.1), that Q(a, b)®9 N Q(c,d)®9 = Q9,
witnessing the failure of 1-basedness. Indeed, if the type of (a,b) were 1-based over Q,
we would have that Cb(a, b/Q(c, d)*9) would be contained in

Q(CL, b)alg N @<07 d)alg — Qalg’

yet
Q(a, b) %Q(a d).

Whilst the type of the constants is not 1-based, trivial types are.
LEMMA 5.10. — Trivial minimal stationary types are 1-based.

Proof. — Assume that the minimal stationary type of a over K is trivial, as in Defi-
nition 5.6. In order to show that it is 1-based, consider a differential field extension
L = L% of K as well as a tuple b consisting of realizations a; of the type of @ over K.
We want to show that Cb(b/L) is contained in the subfield L; = LN K (b)*9. By Propo-
sition 4.10.(e), the canonical base Ch(b/L) is algebraic over Q(by, ..., by,,), for a Morley
sequence (Z;,)ng of realizations of the type of b over L. In particular, the sequence is
independent over L. Extend the Morley sequence to (B,-)iSmH by Extension and notice
that L; = LN K(BjWQ for1 <j<m+1,asband Bj have the same type over L.

The independence

L{bmy1) | L{by, ... by

vields that Cb(b/L) = Cb(bmsr/L) 27 Cb(bpsr/L{br,. .. bw)). By Proposi-

tion 4.10.(b), we need only show that

(©) Ly(bysr) L L(b1s - - bn),
Ly
since L; C L(l_)l, . ,Z_jm>.
Choose now a maximal subtuple & = (a,, ..., a;) of by such that
(*) K<&1J> J_/ L1<(&is)s<j> for aH] S £.
K

Since the type of @ over K is minimal (that is, of Lascar rank 1), it follows that by belongs
to L1(b})™9, by maximality of the subtuple b}. Now, the tuple b;, with 2 <i < m + 1,
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has the same type over L (and thus over L;) as by, S0 for2 <i < m+1 the corresponding
subtuple b} is independent from L; over K and b; belongs to Li(b})®9. In particular,
the independence (¢) will follow from Algebraic Closure, once we show the following:

(#) L) L LG B,

Ly
By construction, each tuple Bg is an independent sequence over L, of realizations of the
trivial type of a over K. Hence, the independence (#) follows from Remark 5.7 if any
two b; and b; with i # j are independent over L;. Again by triviality of the type of a
over K, this amounts to showing that every two coordinates sy of b; and ay ;) of b; are
independent over L;. Assuming otherwise for a contradiction, we have that a,;y must

be algebraic over Ly (ay;)) C L(b;), since

1 = U(@a/K) = Ulayw/K) 2 Ulay/Lo).

Now, the Morley sequence (by)s<my1 is independent over L, so
L(bi) | L(by).
L

By Algebraic Closure, the coordinate a,(; of b; must belong to the algebraically
closed differential field L. As the tuples b; and b; have the same type over L, we
deduce that the tuple a,;) of L also occurs in b;. Thus, the coordinate ay;) lies in

LN Kby = Ly, contradicting the independence (). O

Manin kernels are the third possibility in Zilber’s trichotomy (Fact 5.15) for minimal
types in differentially closed fields. We will provide a succinct account of Manin kernels,
some of which appeared in the unpublished results of Hrushovski and Sokolovic, 1992.
For an algebraic description of Manin’s construction, see the work of Bertrand (2021).
For a model-theoretic presentation, see the corresponding chapter of Pillay (1996a,
Section 4) as well as the notes of Marker (2000, Sections 4 & 5).

FExample 5.11. — Consider an algebraically closed differential subfield K of U as well
as a simple abelian variety A defined over K of dimension d. The universal extension
Aof A by a vector group is an algebraic group of dimension 2d, which we can see as a
definable group (see Remark 5.8.(a)) in our ambient differentially closed field U. The
Manin kernel A% of A is the Kolchin closure (see Corollary 1.11) of the torsion points
of A. Hence, the group A# is an infinite differential algebraic group defined over K. As
in Remark 5.8, we can consider generic types in the definable group A%.

If A does not descend to the field of constants Cy, that is, if A is not birationally
isomorphic to an algebraic group defined over Cy, then any two generic elements over K
have the same type, so the generic type is unique and stationary (note that we assume K
to be algebraically closed). In this case, the generic type of the Manin kernel is 1-based
(Pillay, 1996a, Corollary 4.9 & Theorem 4.10), yet not trivial by Remark 5.8.(b).
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We have hence introduced the three classes of types which will appear in Zilber’s
trichotomy (Fact 5.15), up to non-orthogonality. This notion coincides with the more
general notion of non-indifference for minimal types, and plays a fundamental role
in many results in geometric stability theory, from Hrushovski’s analysis of a stable
group to applications of geometric stability theory to problems in diophantine geometry
(Bouscaren, 1998).

DEFINITION 5.12. — Consider two differential fields K and L as well as two tuples a
and b. The stationary type of a over K is not indifferent (often called not foreign in the
literature) to the type of b over L if there exists a common differential field extension
M > K UL and realizations @ =g a and b =1, b with

K{d) ;|(/M but M (a') %M(E’y

If both the type of @ over K and of b over L are stationary, then we say that these
two types are non-orthogonal if there exists a differential field extension M D> K U L
and realizations @’ =k a and b’ =1, b with

K(a')%M, L(B’)\JL/M but M(d’>%M(5’).

Observe that non-orthogonality is a symmetric notion, whilst non-indifference need
not be. However, these two notions coincide if the type of b over L is minimal, by
Remark 5.2. Indeed, as the independence M(a’) | , M always holds, the tuple V/

cannot be algebraic over M, so L{V) | , M, since
0<UW/M)<U®W/L)=Ub/L) = 1.

Remark 5.13. — With the previous notation, if the two minimal stationary types of a
over K and of b over L are non-orthogonal, witnessed by M, @ and b’ as in the above
definition, then @ and b are interalgebraic over M, that is M(a')* = M(b')*9, as
in Remark 5.8.(e). Indeed, the tuples @' and ¥ are not independent over M, so by
Remark 5.2

0<U®@/M{¥)) <U@/M)=U(@/K)=Ua/K) = 1.

The above remark together with an easy application of Extension and Monotonicity
& Transitivity yields the following result below for a minimal stationary type. Indeed,
it suffices to note that triviality is preserved under independent restrictions, that is, if
K C L is a differential field extension and a is a tuple which is independent from L
over K, whenever the type of a over L is trivial, then so is the type of a over K.

COROLLARY 5.14. — Consider differential fields K and L as well as finite tuples a
and b such that both the type of a over K and the type of b over L are minimal and
stationary. If these two types are non-orthogonal and the type of b over L is trivial, then
the type of a over K is also trivial.
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In particular, if the generic type of an infinite Kolchin constructible group G 1is
minimal, then it is orthogonal to all trivial types, by Remark 5.8.(e). ]

The work of Zilber (1980a, 1986) on the structure of strongly minimal theories
motivated Zilber’s trichotomy principle. Whilst the general principle does not hold for
all minimal types in arbitrary stable theories, as shown by Hrushovski (1993) in the
so-called ab initio counter-example, the trichotomy principle has been shown to hold
for (strongly) minimal types in various relevant classes of theories (see among others
the work of Hrushovski and Zilber (1993, 1996) as well as the work of Pillay and Ziegler
(2003)).

We will now state a particular version of the trichotomy principle customized for
the theory DCFy of differentially closed fields of characteristic 0. It first appeared in
unpublished work by Hrushovski and Sokolovic (1992).

Fact 5.15. — Consider a finite tuple a and a differential subfield K of U such that the
type of a over K is stationary and minimal. Fxactly one of the three following mutually
exclusive cases holds:

— The type of a over K is trivial.

— The type of a over K is non-orthogonal to the generic type of a Manin kernel of
a simple abelian variety defined over K9 which does not descend to the field of
constants Cy.

— The type of a over K is non-orthogonal to the type of the constants over K.

In order to see that the three aforementioned cases are mutually exclusive, it suffices
to show that the three kinds of types listed in the above fact are pairwise orthogonal,
since non-orthogonality among minimal stationary types is a transitive relation (Pillay,
1996b, Chapter 1, Lemma 4.4.2). By Corollary 5.14, we need only show that the generic
type of a Manin kernel is orthogonal to the constants. If these two types were non-
orthogonal, using similar arguments as the ones given by Pillay (2004, Proof of Theorem
1.1), then the (simple) abelian variety would descend to the constants, contradicting
the definition of a Manin kernel.

Since the field of constants Cy is algebraically closed, we deduce immediately the
following result from Fact 5.15, which will play a fundamental role in the proof of
Freitag, Jaoui, and Moosa (2022).

COROLLARY 5.16. — Given a subfield K of the field of constants Cy of U, if the
stationary type of some tuple a over K is minimal, then either the type of a over K is
trivial or it is non-orthogonal to the type of the constants over K. ]

Together with Lemma 5.10 and Example 5.11, Fact 5.15 yields Proposition 5.17
below. Whilst the proof may seem rather technical and obscure at first sight, we have
decided to include it, for we believe that it highlights the power of the independence
(or non-forking) calculus, which is not difficult to master (The author of these notes is
particularly fond of this sort of manipulations).
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PROPOSITION 5.17. — Consider a differential field K and a tuple a such that the type
of a over K is not algebraic, but stationary and of finite rank. Fither the type of a
over K is non-orthogonal to the type of the constants over K or there exists a differential
extension L = K(c) of K, where ¢ is a finite tuple, such that the type of a over K is
non-orthogonal to a 1-based minimal stationary type based over L.

Recall (Definition 5.1) that a tuple a has finite rank over K if every coordinate of a
is differentially algebraic over K.

Proof. — We first start with the following observation, which will be used twice in the
proof.
CLAIM. — Assume that there are finite tuples di and dy as well as a differential field

extension My C My in U satisfying all of the following conditions:
(a) We have that U(dy /M) =m > 1 and U(dy /My {dy)) =m —1;
(b) The tuple dy is algebraic over My(dy);

(¢) The type of the tuple dy over My is minimal; )

(d) We have the independence My(dy,ds) J/M1<d-2> My(ds).

In this case, we have that the tuple_Jl is indepezldent from My over My, or equivalently
by Remark 5.2.(b), the U-rank U(dy/My) = U(dy/Ms).

Proof of Claim. The proof is just an immediate application of Lascar’s inequali-
ties 5.2.(b):

m = U(dy/My) > U(dy /M) 27O U(dy ) Ma(ds)) + U(dy /M) 2

@ o —141=m.

=

= U(di/Mi{ds)) + U(ds/Ms) 2 U(dy /My {ds)) + 1
CIClaim

In order to prove the statement of the proposition, set n = U(a/K) > 1 (as the type
of a over K is not algebraic). If n = 1, the type of a over K is minimal, so we deduce
the result immediately from Fact 5.15, using Lemma 5.10 and Example 5.11, with ¢ the
empty tuple. Assume therefore that n > 2, and find by Remark 5.2 some differential
field extension K; = K{" of K with U(a/K;) = n — 1. The canonical base Ch(a/K})
is generated by a finite tuple b by Proposition 4.10.(d). Moreover, the tuple b has finite
rank over K, by Proposition 4.10.(e) and Remark 5.2.(a). By construction, we have
that

K(a,b) | K,
K(b)
so U(a/K (b)) = n — 1. Now, the tuple b cannot be algebraic over K, for K(a) and K,
are dependent over K, since U(a/K;) =n—1 < U(a/K).
Choose some differential field extension M of K with

() U(b/M) = 1.
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By Extension (Remark 4.4.(b)), there exists some a; = a with
K(ay,by | M(b), so U(ai/M(b)) = U(a/K (b)) = U(a/K(b)) =n— 1.
K (b)
Moreover,
() Cbla/M(p)"0) " Chlan/K (5)") = Cb(a/K B)"%) = Cbla/Ki"") = Q).
Notice that b is algebraic over M (a,). Indeed, since U(b/M) = 1, the tuple b does not
lie in M so (x) and Proposition 4.10.(b) together with Symmetry yield
M(b) [ M{a,), and thus b lies in M (a,)™.
M

By the Claim above, the tuple a; is independent from M over K. Choose some finite
tuple ¢ generating Ch(b/M%9) by Proposition 4.10.(d) and replace M (or rather M®9)
with L = K (¢)®9 everywhere (by Monotonicity). In particular, the independence

K((’h)%L

yields that the type of a; over L is again stationary, by Remark 4.6.(b).

The type of b over L= L4 s stationary and minimal by (&), so it is non-orthogonal
to the type of some d over L, with tp(d/L) a minimal type in one of the three classes
listed in Fact 5.15. By Remark 5.13, we find some differential field extension L; of L
and realizations b and d’, both independent from L, over L, which are interalgebraic
over L. Since V' has the same type as b over L, there exists an automorphism o of U
fixing L pointwise with o(b) =¥'. Set @’ = o(ay), so

K{(@,b) | L{V),
K(b')
by Invariance. Possibly after composing with an automorphism fixing L(l_a’ ) poi_ntwise,
we may assume by Extension (Remark 4.4.(b)) that @’ is independent from L; (V') over
L{V'). Now
(#) Cb(@/Ly(d)") = Cb(@ /L (#)™*) "= Cb@ /L)) = Cb(@ /K ) = Q),
SO

U@ /Ly(d)™9) = U@ /L (B)9) @ “2 @ /K ) = U@a/K @) = n — 1.

Since U(b'/Ly) = U(t'/L) = U(b/L) = 1, we deduce that ¥ (and thus d’) is algebraic
over Ly(a’), using the dependence

L (b)) fﬁ L, ().

Indeed, assume for a contradiction the independence

Ly (V') L¢ Li(a@).
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The canonical base Ch(a'/Ly (b)) w
tion 4.10.(b), contradicting that U(b'/L,)
By the Claim again, we deduce that @’ is independent from L, over L, and hence
over K by Transitivity. We conclude therefore that the type of a over K is non-
orthogonal to the minimal type of d over L™, witnessed by the realizations @ and d,

as desired. O]

Q(V) is then algebraic over L; by Proposi-
=1

Proposition 5.17 shows that every type of finite rank is non-orthogonal to some
minimal type as in Fact 5.15, possibly after adding additional parameters. The next
fundamental notion in geometric model theory, called internality, will be shown in
Remark 5.19 to occur in the presence of non-orthogonality. Internality will play a major
role in Section 6 and also in the work of Freitag, Jaoui, and Moosa (2022).

DEFINITION 5.18. — Given two differential fields K and L, a K-conjugate of a tuple b
over L is a tuple b given by an automorphism o of Auts(U/K) with o(L(b)) = L' (V).
We say that the conjugate b’ of b over L is based over L'.

A stationary type of a tuple a over K is internal to the family of K-conjugates of
some tuple b over L zf there exists some differential field extension M of K such that
for every realization @ of the type of a over K, there are K -conjugates by,...,b, of b
over L, each based over a subfield of M, such that @’ belongs to the dzﬁerentml field
M{by, ..., b,).

In the above definition of internality, we may always assume that the differen-
tial field L is of the form K (c) for some finite tuple ¢: Indeed, the canonical base
Cb(b/Q(L - K)*9) = Q(¢) is finitely generated by Proposition 4.10.(d). Thus, the tu-
ple b is independent from Q(L - K)*9 over K (¢). Moreover, the K-conjugates of b over L
are in particular K-conjugates of b over K (¢).

If the tuple b is based over a subfield of K, then so are its conjugates. However, we
may still need additional parameters (coming from M) in order to witness internality.
In particular, we can study the notion of internality if the tuple b above belongs to the
field of constants Cy. In this case, every conjugate of a tuple in Cy is again in Cy, so
we say that the stationary type of a over K is internal to the constants if there exists
some differential field extension M of K such that every realization a’ of the type of a
over K belongs to the differential subfield M - Cy of U.

A typical example of types which are internal to the constants are those given by
tuples a in a given K-definable finite-dimensional Cy-vector space V. Indeed, consider M
the differential field extension of K obtained after adding a basis of V' to K. Now, every
realization a’ of the type of a over K is a Cy-linear combination of the basis, and thus
belongs to the differential subfield M - Cy. Internality to the constants will be explored
in further detail in Section 6.

Remark 5.19. — (a) Internality requires parameters M which work for every realization
of the stationary type of a over K. However, it is equivalent to a local condition,
which allows the parameters to vary as we vary the realization. That is, with the
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notation of Defintion 5.18, the following are equivalent (Pillay, 1996b, Chapter 7,

§4, Lemma 4.2): )

(1) The stationary type of a over K is internal to the family of K-conjugates of b
over L.

(2) There exists some differential field extension M of K and K-conjugates by, . .., b,
of b over L, each based over a subfield of M, such that

K{a) | M and a € M(b,..., b,).
K

One direction is easy to prove: If the type of a over K is internal to the family of K-
conjugates of b over L, witnessed by the differential field extension M of K, choose
now by Extension some a’ =g a independent from M over K. By assumption,
there are K-conjugates by, ...,...,b, of b over L, each based over a subfield of M,
such that the realization @’ lies in M (b, ...,b,). Now, if the automorphism o of
Auts(U/K) maps a’ to a, then we conclude that
K(a) | o(M) and a€ o(M){(c(b1),...,0(b,)),
K

so o(M) is the desired field extension, since the K-conjugate o(b;) of b is based over
a subfield of o(M).

We will prove the other direction under the additional assumption that the
stationary type of a over K has finite rank U(a/K) < ¢. Without loss of generality
(see the discussion right after Definition 5.18), we may assume that L = K(¢) for
some finite tuple c.

By assumption, there exists a differential field extension M of K and suitable
K-conjugates by, . .., b, of the type of b over L such that

K{a)y | M and a € M(bi,...,b,).
K

Choose a tuple m of M containing the corresponding K-conjugates of the tuple ¢
over K, so we may assume that all b;’s are based over K (m). Possibly after enlarging
the tuple m, we may also assume that the finite tuple a lies in K (m, by, ... ,Bm>. In
particular, we have that

K(a) | K{(m) and ac K{m,by,...,b,).

Consider now a Morley sequence (1m;);<¢41 of the stationary type of m over K9,
Setting My = K(my,...,my.1), we need only show that every realization @’ of
the the type of a over K belongs to the differential field generated over M; by K-
conjugates of the type of b over L, where each K-conjugate is based over a differential
subfield of M;. Given such a realization a’, it suffices to show by Stationarity and
(O) that there is some 1 < ¢ < ¢+ 1 with @’ independent from K (m;) over K.

Assume otherwise, so

K@, (m;)j<i) L  K{((my)j<;) foralli</l+1,
K((mj)j<i)
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by Symmetry and Transitivity, for the m;’s are K-independent. Now, the strict
inequalities

U(a'/K((m;)j<er1)) < U@/ K((m;)j<e) < ...
< U@ /K (my)) < U(@/K) = U@a/K) < £,

yield the desired contradiction.
If the stationary type of @ over K is internal to the family of K-conjugates of b
over L, then it admits a fundamental system of solutions, that is, there exists
realizations aq, ..., a,, of the type of a over K such that for every realization a’ of
the type of @ over K, we have that a’ lies in K (i, ..., @m, b1, ..., by), where the b;’s
are K -conjugates of b over L. Moreover, we may find such a fundamental system of
solutions consisting of a Morley sequence of the type of a over K.

In particular, the type of a fundamental system of solutions (ay, . .., a,,) over K is
itself fundamental: Every realization (aj, ..., a’,) of the type of (ay,...,am) over K

» ' m

belongs to the field generated over M by (ay,...,a,) and K-conjugates of b over L.

The reader may notice that the differential field extension M = K(ay,...,ay)
of K is not exactly as in Definition 5.18, for we do no longer impose that the
K-conjugates b;’s are based over a subfield of K (A1, ...y ).

In order to show the existence of a fundamental system of solutions, assume that
there exists some differential field extension M = M9 of K with K{(a) | M
and a tuple B = (by,...,b,) as in part (a) of this remark. Set k = Ch(a, B/M)
the canonical base of (a, B) over M. By Remark 4.11, the field & a differential
subfield of Q(ay, By, ..., an, Bny) for some Morley sequence (a;, B;) of the type of
(a, B) over M. By Extension, we can find some realization (@41, By11) of the
type of (a, B) over M independent from the previous sequence over M. If K
denotes the differential subfield K{(ay,...,a), the field k is a differential subfield
of Ki(By,...,By). We will first show that a,,,; belongs to

K1<Bl, . -;Bm+1> - K<ZL1, e 7CiLm,Bl, .. ~7Bm+1>-

By construction, the fields M (@41, Bmy1) and M{(a;, B;)i<m)) are independent
over M, and thus linearly disjoint over M, by Remark 4.2.(a). Proposition 4.10.(a)
yields that the fields k(@,+1, Bm+1) and M are linearly disjoint over k, so we
deduce that k(@m+1, Bm+1) and M{(a;, B;)i<m)) are linearly disjoint over k, by
transitivity of linear disjointness. In particular, the fields K (a1, B1, - -, Bmt1)
and M ((a;, B;)i<m, Bm+1)) are linearly disjoint over Ki(Bj,..., By+1) D k. Since
(a, B) = @my1, Bimy1, Corollary 3.8 yields that a1 belongs to M (B,,+1). The
linear disjointness

K1<am+1,Bl,..’Bm+l> \I/ M<d1,...,C_Lm,Bl,...,Bm+1>
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allows us to conclude that a,,.; belongs to
K1<Bl, ey Bm—‘rl) - K<a1, e ,C_Lm, Bl) ey Bm+1>>

as desired.

Note that the tuple (ay,...,a,) is a Morley sequence of the stationary type of a
over K, by Remark 4.8.(b).

Let us now show that every realization a’ of the type of @ over K belongs to the
field generated over K; by K-conjugates of b over L. By Extension, find some
realization (a},...,al ) of the stationary type of (ai,...,a,) over K with

' m

K{ay,...,a,,) | K@, a1,...,an).
K

By Stationarity, for every 1 < i < m, the sequence (a,...,an, @,

') has the same

type as (a1, ..., ams1) over K. Thus, the tuple @, belongs to K{ay,...,an,d;) for a

suitable tuple d of K-conjugates of B (and thus of b) over L. Since (@,,...,a.,, a')

> 'mo

has the same type as (ay, ..., an,s1) over K by Stationarity, we conclude that

a € Kd,... a,d)cKla,... dn,dy,... dy,d),

)V m?

for suitable K-conjugates d;, as desired.

Together with Algebraic closure, the equivalence in Remark 5.19.(a) yields the
following result:

COROLLARY 5.20. — The stationary type of a over K is internal to the family of
K -conjugates of the type of b over L if and only if the type of a over K9 is. O]

Chatzidakis (2012) showed in a previous version of her paper on the canonical base
property that 1-basedness is preserved under internality (see below). This was later
generalized by Wagner (2004) to higher analysis beyond mere internality.

Fact 5.21. — Consider a tuple a whose type over K is stationary and internal to the
family of K -conjugates of some tuple b over L. If the type of b over L is 1-based, then
the type of a over K is again 1-based.

In particular, if a belongs to K{¢1,...,¢y) and the type of each ¢; is 1-based over K,
then the type of a over K is 1-based.

We will finish this section establishing a connection between the notions of indifference
and internality.

PROPOSITION 5.22. — Consider a differential field K as well as a finite tuple a whose
type over K is stationary and not algebraic.

(a) Internality prevents indifference (or foreignness): If the type of a over K is internal
to the family of K-conjugates of the type of b over the differential field L, then the
type of a over K cannot be indifferent to the type of b over L.
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(b) On the other hand, non-orthogonality induces internality (Pillay, 19960, Chapter 7,
§4, Corollary 4.6): If the type of a over K has finite rank, then there exists a finite
tuple d in K{(a)™ whose type over K% is non-algebraic (and stationary) such that
the type d over K% is internal to the family of K-conjugates of a tuple b over
K (&) for some finite tuple ¢ in U, where the type of b over K(¢)¥9 is one of the
three classes of minimal types listed in Fact 5.15.

(¢) Furthermore, if the type of a over K has finite rank and is orthogonal to the type
of the constants, then we may find such a tuple d as in (b) whose type over K9 is
both minimal and 1-based, as originally shown by Hrushovski (1987, Theorem 2).

Proof. — Fori(a), assume that the type of a over K is internal to the family of K-
conjugates of b over L. By Remark 5.19.(a), there are some differential field extension M
of K and K-conjugates b; of b over L, each based over a differential subfield of M, such
that

K{a) | M and a € M(b,...,b,).
K

Without loss of generality, we may assume that M contains L, by an easy application
of Extension to the type of a over M. In particular, Algebraic Closure yields that a
is not independent from M <51, e ,Bn> over K, since a does not belong to K*9. Choose
therefore 0 < ¢ < n — 1 maximal such that a is independent from M; = M (Bl, . ,BZ)
over K, so
K(a) | My, yet Mi(a) J Mi(bit1)
K M

by Monotonicity & Transitivity. We deduce that the type of a over K is not foreign
to the type of b over L, as desired, witnessed by the realization b, and the differential

field extension M; of both K and L.

For (b), notice that Proposition 5.17 yields that there are finite tuples band ¢in U
such that the type of b over the algebraic closure of L = K (€) is minimal and the type
of @ over K is non-orthogonal to the type of b over L%. Using that non-orthogonality
among minimal types is a transitive relation (see Fact 5.15 and the discussion thereafter),
we may assume that the type of b over L = K (¢) is one of the three minimal types listed
in Fact 5.15.

By definition of non-orthogonality (Definition 5.12), there is some differential field
extension M of L (and thus of K') as well as realizations a’ and ¥/, each independent
from M over their corresponding base sets, such that @’ and o’ are not independent
over M.

Choose a finite tuple m in M containing ¢ as well as all the coefficients of the
polynomial expressions needed to witness the dependence of @’ and o' over M. Thus,
both @’ and V' are each independent from K (m) over their base sets, yet

K({m,a) ) K{m,b).

K(m)
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By Proposition 4.10.(d), there is some finite tuple d’ which generates Cb(mn, V' /K (a’)*9).
The tuple d’ belongs to K (a')®9, but cannot be contained in K. Otherwise, Proposi-
tion 4.10.(b) would yield that

K({@) | K{m,b) and thus K(m,a) | K(m,V),
K K ()

contradicting our choice of m.

By Remark 4.11, there is some natural number n such that
Cb(m,B,/K<a/>al9) = Q<d7> - Q<7’7’L1, Blla s 7mn7[3fn> - K<m1a 6/17 ey My, B;),

for some Morley sequence (1, b, ..., My, b)) of the type of the tuple (m, b') over K (a').
Notice that each 5;- is a K-conjugate of b over L.

The tuples @’ and m are independent over K, so it follows immediately from Invari-
ance, Stationarity, Monotonicity & Transitivity that

K@) | K{(mi,...,m,), and hence, K(d') | K(mi,...,my,),
K K

by Algebraic closure. Remark 5.19.(a) yields that the type of d over K is internal
to the family of K -conjugates of b over L. Since @ and a have the same type over K,
there exists an automorphism ¢ mapping @ to a. The tuple d = O'(J/ ) is contained in
K (@)™ and its type over K% is also internal to the family of K-conjugates of b over L,
as desired.

For (c), assume that the type of a over K is orthogonal to the constants. In the proof
of part (b) above, it follows that the type of b over L% is either trivial or the generic
type of a Manin kernel. Both such types are 1-based by Lemma 5.10 and Example 5.11.
Fact 5.21 implies that the stationary non-algebraic type of d over K™ is again 1-based.

We need only show that the type of d over K is minimal. If U(d/K) = 1, we
areidone. Otheywise, choose some differential field extension K; = Kflg of K witll
U(d/K1) = U(d/K) — 1. By Proposition 4.10.(b) & (d), there is a finite tuple f
generating the canonical base Cb(d/K7), so

K(f)

Since the type of d over K is 1-based, it follows that f belongs to K (d)® c K (a')®.
A straightforward application of Lascar inequalities (see Remark 5.2.(b)) yields that

U(d/K) = U(d/K(f)) + U(f/K) L Ud/Ky) + U(f/K) = U(d/K) — 1+ U(f/K).

Hence, the type of f over K is minimal. Fact 5.21 yields that the type of f over K is
1-based. Indeed, the tuple f belongs_ to Q(dy, ...,d,,) for some independent tuple of
realizations d; of the 1-based type of d over K "9 1y Remark 4.11. Fact 5.21 yields that

the type of f over K is itself 1-based, as desired. O
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6. Binding groups and Picard—Vessiot extensions

Zilber (1980b, §4) and Hrushovski (1990) noticed, beyond the particular context
of differential algebra, that internality produces the existence of a definable group of
permutations, called the binding group. In the particular case of an internal type to
the field of constants Cy (within our universal differentially closed field U), the binding
group can be identified with the elementary permutations on the realizations of the
internal type arising from differential automorphisms of U fixing pointwise both the
base set and the field Cy of constants. The connection between binding groups and
differential Galois theory for differentially closed fields of characteristic 0 was explored
in more detail by Poizat (1983) and later on by Pillay (1998). The algorithm provided
by Hrushovski (2002) to effectively compute the binding group has been improved in
the last decade by Feng (2015) and Sun (2019).

Before we can introduce the binding group, we first need a couple of auxiliary results.
By Proposition 3.7, we work inside a universal N;-saturated differentially closed field U
with field of constants Cy. All differential subfields of U are countable, unless explicitly
stated.

Remark 6.1. — Given a differential subfield K of U, the elements aq,...,a, of K are
linearly independent over Ck if and only if the Wronskian matrix

Sa) .. 8(ay)
P ar) - 0" (a)

is invertible (Marker, 1996, Lemma 4.1). As a consequence, the differential field K is
always linearly disjoint from Cy over Cg, since the determinant of the above matrix does
not depend on the ambient differential field containing the elements a;.

Given a finite tuple a and a differential subfield K of U such that the type of a
over K is stationary, recall from the discussion after Definition 5.18 that the type of a
over K is internal to the constants (or Cy-internal) if there exists some differential field
extension M of K such that every realization of the type of a over K belongs to the
compositum field M - Cy. The Cy-internal stationary type of a over K is fundamental if
every realization a; of the type of a over K belongs to K{(a) - Cy, or equivalently, if the
tuple a is already a fundamental system of solutions, as in Remark 5.19.(b).

Remark 6.2. — Consider a finite tuple a and a countable differential subfield K of U
such that the type of a over K is stationary and internal to the constants. Given some
m > 1 in N and a Morley sequence (ay,...,a,) of length m of the type of a over K,
the type of the tuple (as,...,a,) over K is internal to the constants, directly from the
definitions.

More generally, we introduce the following notion:
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DEFINITION 6.3. — A Kolchin constructible subset X of U™ defined over a differential
subfield K is internal to the constants if there are finitely many (tuples of) rational
functions R1(Y), ..., R(Y) with coefficients in some differential field extension M of K
such that
X C U RZ(CU),
i<k

where we implicitly assume whenever we write Ry(¢) that (every coordinate of) the
rational function Ry(Y') is defined at the tuple C.

An easy compactness (or rather an Nj-saturation) argument yields the following
result.

LEMMA 6.4. — Given a finite tuple a and a countable differential subfield K of U such
that the type of a over K is stationary, we have that the type of a over K is internal
to the constants if and only if a belongs to some Kolchin constructible subset X of Ul
defined over K with X internal to the constants.

Proof. — One direction is immediate, so we need only show the existence of such a
Kolchin constructible subset X if the type of a over K is internal to the constants. By
assumption, there exists some countable differential field extension M of K such that
every realization a; of the type of a over K belongs to the compositum field M - Cy, so
P(m,é) -
(‘k) Ell = %_) = R(m, 6)
PZ (m7 C)

for some tuples m in M and ¢ in Cy as well as tuples of polynomials P; and P, (all
depending on a;) with integer coefficients such that no coordinate of Py(m,¢) is 0. In
particular, for

2(Z) = {p(Z,b) | U k= ¢(a,b), o(z,7) diff. constr. formula & b € K}
the following collection of M-instances
Y(z) U{Vy (5@) =0=1# R(m, gj)) | R rational over Z & m € M}

cannot be finitely consistent (when we write such a rational function R, we implicitly
impose that the denominator does not vanish and rewrite the above expression in the
language of differential rings). Assume for a contradiction that it is finitely consistent.
By Ny-saturation of U, there exists a realization a; of the above collection of M-instances.
Now, the tuple a; has the same type as a over K, by Definition 3.1, yet it cannot be
written as in (%), which gives the desired contradiction.

Therefore, there exist finitely many K-instances ¢;(Z,b;), each realized by a, and
finitely many rational functions R;(m,Y), ..., Ri(ms, Y) such that every realization
of the Kolchin constructible set X = N, ¢;(U, Bi) belongs to U< R;i(my, Cy). Hence,
the subset X of Uldl defined over K contains a and is internal to the constants, as
desired. O
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FAcT 6.5. — (Buechler, 2016, Theorem 4.4.5) Suppose that the Kolchin constructible
set X defined over the countable differential subfield K s internal to the constants.

There are

— a definable group G, that is, a differential algebraic group as in Remark 5.8.(a),
defined over K ; as well as
— a definable group action G x X — X, as in Remark 5.8.(b), also defined over K;

such that the group G and the action are isomorphic to the action of the group consisting
of restrictions of automorphisms of Auts(U/K - Cy) (so each such automorphism fixes
the compositum field K - Cy) on the set X. In particular, the action is faithful. We will
denote the group G as Auts(X/K - Cy).

Notice that the group Auts(U/K - Cy) acts on the set of realizations of the type of a
over K, whenever this type is internal by Lemma 6.4. However, the latter set need not
be Kolchin constructible if the type is not isolated. In order to render the presentation of
the binding group more accessible, we will only introduce it for isolated types (although
the existence of the binding group of an internal type can be easily shown for arbitrary
w-stable theories). In hindsight, Proposition 6.8 will motivate the following definition.

DEFINITION 6.6. — We say that the stationary type of some finite tuple a over a
countable differential subfield K is weakly orthogonal to the constants if Cx @y = Ck, or
equivalently by Remark 6.1, if K(a) and Cy are linearly disjoint over Ck.

Note that the above definition does not depend on the representative of the type
of a over K, by Corollary 3.8, since the set Cy is invariant under all differentiaal
automorphisms of U.

Remark 6.7. — Consider a a countable differential subfield K and a finite tuple a such
that the type of a over K is stationary.

(a) weak orthogonality to the constants is stable under base change to the algebraic
closure: The type of a over K is weakly orthogonal to the constants if and only if so
is the type of @ over K. One direction follows immediately from Remark 4.2.(a).
For the converse, assume that the type of a over K% is weakly orthogonal to the
constants. By Remark 6.1 and transitivity of linear disjointness, the differential
fields K9(a) and Cy - K% are linearly disjoint over K%9. Since the extension
K C K({a) is regular, transitivity of linear disjointness yields also that K(a) and
Cy- K%, and thus Cy - K, are linearly disjoint over K. By Remark 6.1, the fields K
and Cy are linearly disjoint over Cg, so by transitivity of linear disjointness, we
conclude that K (a) and Cy are linearly disjoint over Cg, as desired.

(b) The type of a over K is weakly orthogonal to the constants if and only if K(a) | . K-
Cu, that is, if K(a) |, K(¢c) for every finite tuple ¢ of Cy, since K (c) = K(c). Indeed,
one direction follows easily from transitivity of linear disjointness and Remark 4.2.(a).
Assume therefore that K (a) and K - Cy are independent over K. By part (a) above,
we only need to show that the type of @ over K% is weakly orthogonal to the
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constants. Remark 4.2.(a) and Algebraic closure yield that the fields K (a)9,
and thus K% (a), and K9 - Cy are linearly disjoint over K9, as desired.

(c) If the constant subfield Cx of K is algebraically closed, then the type of a over K
is weakly orthogonal to the constants if and only if K (@) NCy = Ck. Indeed, one
direction follows immediately from Remark 4.2.(a). For the converse, assume that
Crx = K{a)® N Cy. Remark 6.1 yields that the fields K(a)®9 and Cy are linearly
disjoint over Ck. In particular, the fields K (a) and Cy are linearly disjoint over Cg,
as desired.

PROPOSITION 6.8. — Consider a a countable differential subfield K and a finite tuple a
such that the type of a over K is stationary and internal to the constants. The following
conditions are equivalent:

(a) The type of a over K is weakly orthogonal to the constants.

(b) For every Kolchin constructible set X defined over K containing a and internal to
the constants, the action of the definable group Auts(X/K - Cy) as in Fact 6.5 on
the set of realizations of the type of a over K is transitive.

(¢) The type of a over K is isolated (see Fact 3.3) by a Kolchin constructible subset of
Ulel which is itself internal to the constants.

Proof. — For (a) = (b), we need to show that for every a’ =g a there exists an
automorphism o of Auts(U/K - Cy) mapping a to a’ (despite the fact that Cy is not
countable!). Once such o has been constructed, the restriction of o to the internal
Kolchin constructible set X defined over K is an element of Aut(X/K - Cy) mapping a
to a’, as desired.

By Corollary 3.8, there is a K-automorphism 7 of U mapping a to a’. Since the type
of a over K is weakly orthogonal to the constants, the K-automorphism 7 induces a
K-isomorphism F;: K(a) -Cy — K(@') - Cy. As in the proof of Tent and Ziegler (2012,
Chapter 10, Theorem 10.1.5), the desired element o can be obtained from F, as a union
of a chain of partial elementary maps (defined over countable subfields of U!) each of
which fixes K - Cy pointwise and maps a to a’.

For (b) = (c), Lemma 6.4 yields some Kolchin constructible set X defined over K
containing @ with X internal to the constants. Let G = Auts(X/K - Cy) be the
corresponding definable group with parameters in K as in Fact 6.5. If x denotes the
definable action of G on the set X, then the Kolchin constructible set G x a is invariant
under K-automorphisms of U.; Given an automorphism o of U fixing K pointwise, it
maps o(a) to some tuple @’ which has the same type as a over K. In particular, the
tuple @’ lies in X by Definition 3.1. Transitivity of the action yields that o(a) = @’ = g*a
for some g in G, as desired.

By Lemma 3.9, the Kolchin constructible set X; = G xa C X s definable by a
K-instance ¢(z, €) of a Kolchin constructible formula. It follows that the K-instance
©(z, e) isolates the type of a over K, as desired. Notice that X is internal to the
constants, since X is.
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For (c) = (a), we need only show that the type of @ over K9 is weakly orthogonal to
the constants, by Remark 6.7.(a). Let K be the differential closure of K, as in Fact 3.3.
By Corollary 3.5, the field of constants Cras, is algebraically closed, so Czz = Creats.

By assumption, the type of a over K is isolated by a K-instance o(z,b) for some
tuple b in K. Now, this instance also isolates the type of @ over K%9: Indeed, if a;
belongs to (U, b), then a; and @ have the same type over K. Stationarity yields that
a1 =gag a, as desired. (For the readers who do not feel comfortable with this kind of
argument, Quantifier Elimination (Theorem 2.18) allows to replace the algebraic param-
eters isolating the type of a over K9 with the coefficients of the minimal polynomial
of a suitable primitive element).

Fact 3.3 yields that the type of @ over K9 is realized in K by a’. Now,

6.1
K(&/>al‘q NCy C C}((&/)alg - Cf( = Craly.

Remark 6.7.(c) yields that the type of @ (and thus of @) over K9 is weakly orthogonal
to the constants, as desired. [

We can now introduce the notion of the binding group of an isolated internal stationary
type. We would like to warn the reader that the notation Bind(a/K) is not mainstream
in model theory.

DEFINITION 6.9. — Consider a countable differential subfield K and a tuple a whose
type over K 1is stationary, internal to the constants and weakly orthogonal to the con-
stants. By Proposition 6.8, the set of realizations of type of a over K is a Kolchin
constructible set X of Uldl defined over K.

The binding group of the type of a over K, denoted by Bind(a/K), is defined as the
group Auts(X/K - Cy) of Fact 6.5. Notice that the group and the action on X, and thus
on the set of realizations of the type of a over K, are both definable over K. This action
is faithful and transitive.

Transitivity of the action yields immediately the following result.

COROLLARY 6.10. — With the assumptions of Definition 6.9, if the type of a over K
is mon-algebraic, then the group Bind(a/K) is infinite. O

LEMMA 6.11. — Consider an algebraically closed countable differential subfield K and
a tuple a of U whose type over K is internal to the constants and weakly orthogonal to
the constants. There exists a fundamental system of solutions d = (@1,...,0m,) as in
Remark 5.19.(c) with each a; =k a such that the type of d over K is again internal to
the constants and weakly orthogonal to the constants. Moreover, both the group and the
action of Bind(d/K) on the set of realizations of the type of b over K is isomorphic to
the diagonal action of the group Bind(a/K) on the set of realizations of the type of d
over K.

In particular, the type of d = (a1, ..., am) over K is fundamental (see the paragraph
before Definition 6.3): there are finitely many rational functions Ry(Y), ..., Ry(Y) with
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coefficients in K{(d) such that every realization d' = (a},...,a,) of the type of d over K

»'m

is of the form d' = R;(¢) for some 1 < j < £ and some tuple ¢ in Cy.

Whilst we impose that the differential field K is algebraically closed, this will only
be used in the proof in order to ensure that certain types (in particular the type of the

tuple d) over K are stationary.

Proof. — The type of a over K is stationary, for K is algebraically closed. Proposi-
tion 6.8 yields that this type is isolated by a K-instance ¢(Z, l_)) for some b in K of a
Kolchin constructible formula. By Remark 5.19.(c), there exists a fundamental system
of solutions for the type of @ over K consisting of a Morley sequence (ay,...,a,) of
the type of a over K. Hence, every realization of the type of a over K belongs to the

differential field K (dy, ..., d,,) - Cy.

An Nj-saturation argument as in the proof of Lemma 6.4 yields that there are finitely
many rational functions Hy, ..., H; over K with coefficients in Z witnessing that every
realization of the type of a over K belongs to

U Hj(ai, ..., am, Cu),
J<t

SO

o(74,b) /\Vi(g@(i,b) = 3¢ (3(e) = 0 A \_/ 7= H(z .. g‘cmé))>)

1 J

~

U)zﬂfl...jm(

)

Quantifier Elimination 2.18 yields that the above K-instance must hold in the differential
closure K of K. Hence, there exists a tuple d in K consisting of realizations of the type
of a over K such that

K Vi(gp(i’,l;) = 3¢ (3(0) =0\ 2 = H,(d. a))).
j=1
Quantifier-elimination (Theorem 2.18) yields that the same K-sentence must hold in U,
SO
(U b) U Hj(J, Cu).
J<t

It follows that the tuple d of K is a fundamental system of solutions in U of the type
of @ over K. Since K is algebraicallly closed, the type of d over K is stationary. It is
clearly internal to the constants, since the type of @ over K is. The tuple d belongs to
K , so its type over K is isolated by Fact 3.3. Hence, the type of d over K is weakly
orthogonal to the constants by Proposition 6.8.

An element o of Bind(a/K) is the restriction of a differential automorphism in
Auts(U/K - Cy) to the Kolchin constructible subset X = (U b). The group
Auts(U/K - Cp) acts diagonally in a natural way on the set of realizations of the type
of d = (a,,...,a,) over K, by construction. Moreover, if @ is some realization of the

7' m

type of a over K, write @' = H;(d, ¢), so o(a’) = H;(o(d),¢).
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We deduce that the group Bind(d/K) and its action on the (set of realizations of the)
type of d over K is thus naturally isomorphic to the diagonal action of Bind(a/K) on
the same set, as desired.

We will conclude this proof showing that the type of d = (@,,...,a,,) over K is
fundamental. Since every realization d’ of the type of d over K consists of a tuple of
realizations of the type of a over K, it is easy to produce the desired rational functions

Ry, ..., R, with parameters in K (d) out of the rational functions H,’s i such a way that
d = Rj(c) for some 1 < j < /¢ and some tuple ¢ in Cy, as desired. O

Given a countable algebraically closed differential subfield K, or more generally, a
field K whose constant subfield Cg is algebraically closed, Kolchin defines a differential
field extension L of K to be strongly normal if the following conditions hold:

— The field L is finitely generated over K (as a differential field), so L = K {(a) for
some tuple a.

— The constant subfield C;, = Cg, so the type of a over K is weakly orthogonal to
the constants as in Definition 6.6.

— For every o in Auts(U/K), the differential field o(L) is contained in the compositum
L-Cy = K(a) - Cy, so the type of a over K is internal to the constants and
fundamental.

Kolchin (1985, Chapter VI, Theorem 1) showed that the group Auts(L - Cy/K - Cy) is
isomorphic to the group of Cy-rational points of an algebraic group defined over the
constants. Moreover, since Cg is algebraically closed, this group is connected (Kolchin,
1985, Chapter VI, Corollary 1).

Summarizing, we obtain the following Galois correspondence, for which Leén Sanchez
and Pillay (2017, Theorem 2.3 & §3.2) provided a purely model-theoretic account.

FAcT 6.12. — Given an algebraically closed countable differential subfield K of U,
consider a finite tuple a such the type of a over K is internal and weakly orthogonal to
the constants with binding group Bind(a/K). If d is a fundamental system of solutions
d for the type of a over K as in Lemma 6.11, then the following holds:

(a) The differential field extension K C K(d) is strongly normal in the sense of Kolchin.

(b) There exists a connected algebraic group G defined over the constants and an iso-
morphism ®: Bind(a/K) — G(Cy) whose graph is definable, that is, Kolchin con-
structible, over K(d) (Kolchin, 1985, Chapter VI, Theorem 1). In particular, given
an element g of G(Cy), we denote by o(g) = ®~1(g) the corresponding automorphism
of Auts(U/K - Cy) (or rather, the restriction of o(g) to the set of realizations of the
fundamental type of d over K ).

(¢) Given a differential subfield K C K, C K(d), the group
Fix(Ky) = {9 € G(Cv) | o(9) 1k, = Idk, }

is again the subgroup of Cy-rational points of an algebraic subgroup of G defined over
the constants. Moreover, its fived subfield equals Ky. Furthermore, every algebraic
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subgroup of G(Cy) defined over the constants occurs in such a fashion (Kolchin,
1985, Chapter VI, Theorem 3).

(d) An element x of K(d) belongs to K if and only if x is fixed by every o(g) with g in
G(Cy).

Archetypal strongly normal extensions are given by Picard—Vessiot extensions, which
are described below.

FExample 6.13. — Consider an algebraically closed countable differential subfield K of U
(so Ck is algebraically closed as well). The Picard-Vessiot extension of K associated to
the holonomic differential polynomial

P(X)=6"(X)+b, 16" (X)) + -+ b6(X) + by,

with all b;’s in K is a finitely generated differential field extension L = K{(ay,...,a,)
of K with P(a;) =0 for 1 < ¢ < n such that:

— The solutions ay, ..., a, of P(X) = 0 are linearly independent over C.
— The field of constants C;, = Cy N L = Ck (so the type of (a,...,a,) over K is
weakly orthogonal to the constants).

By Remark 6.1, every other solution a’ is a Cy-linear combination o’ = Y1 | ¢;a;. Thus,
the stationary type of (ay,...,a,) over K is fundamental and the tuple (a4, ...,a,) is a
fundamental system of solutions over K. We can write the above equation in a matrix
form using the variables X;; = §%(X) for 0 < i <mn, so

0 1 0 0

0 0 1 0
SX)=B-X=| : - -~ . |.x

0 0o ... 0 1

—by —by ... ... —b,_1

It is now easy to see that the action of an element o of Auts(U/K -Cy) on the fundamental
system translates into an invertible n x n-matrix M, in GL,(Cy) with
o (a1|a2\ . |an) =A-M,.

—_— —
A

The binding group Bind(ay, ..., a,/K) of the type of (a,...,a,) over K is linear, as it
is definably isomorphic to a subgroup of GL,(Cy). The image of Bind(ay,...,a,/K), as
a subgroup of GL,(Cy), is the differential Galois group of the Picard—Vessiot extension
K C K(ay,...,ap).

Using the above notation, the coefficients of the matrix 6(A)- A~! are fixed under the
action of the elements of Bind(ay,...,a,/K). This way we recover the above matrix B
defining the Picard—Vessiot extension. Mimicking this idea, we can derive the following
fact from a straightforward application of the Galois correspondence.
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FAcT 6.14. — If the binding group of a strongly normal extension L of an algebraically
closed differential field K is linear, then L is a Picard—Vessiot extension over K (Kolchin,
1985, Chapter VI, pp. 41069411).

We will conclude this section with a result, first stated by Jaoui, Jimenez, and Pillay
(2023, Proposition 4.9), with a more detailed proof given by Freitag, Jaoui, and Moosa
(2022, Theorem 3.9), on the algebraic structure of the binding group for differential
algebraic holonomic equations defined over the constants.

Remark 6.15. — Given a Picard—Vessiot extension defined over the algebraically closed
subfield K of Cy, its binding group is always commutative. Indeed,, it is easy to explicitly
compute from the Jordan normal form of the defining matrix B in Example 6.13 a
fundamental system of solutions in order to deduce that the binding group of each block
is commutative with unipotent radical of dimension at most 1.

7. The property D; and functional transcendence

We now have all the ingredients in order to prove one of the main results of Freitag,
Jaoui, and Moosa (2022, Theorem 3.9). As in the previous sections, we work inside
a universal Ni-saturated differentially closed field U, by Proposition 3.7. All tuples
and fields are taken within U. Moreover, all differential subfields are countable, unless
explicitly stated.

In order to include the examples listed in the Introduction, we will generalize the
notion of equations beyond mere polynomial equations.

NOTATION. — By a differential algebraic equation P(T) = 0 we mean a differential
rational function P(T) = % for some differential polynomials Q(T) and R(T) with
R(T') not the constant 0 polynomial and ord(R(T)) < ord(Q(T)). The equation is
(defined) over a differential subfield K if both Q(T) and R(T) have coefficients in K.
It is irreducible over K if the numerator Q(T) is (as a multivariate polynomial). The
order of the differential algebraic equation is ord(Q(T)). A solution of the equation
P(T) =0 is an element a in U with Q(a) = 0 # R(a).

In particular, every differential polynomial induces a differential algebraic equation,
setting R(T) = 1.

DEFINITION 7.1. — Let P(T) = 0 be a differential algebraic equation of order n over a
countable differential subfield K of U. Given a natural number m > 1, the equation has
Property D,, if, for every m many pairwise distinct solutions ay, ..., a,, in U\ K%,
the set

ay,6(ar),..., 6" Hay), ... am,0(am), ..., 0" am)

is an algebraically independent family over K.



1245-58

Freitag, Jaoui, and Moosa (2022, Definition 3.1) use the terminology Property C,, for
differential algebraic equations (and use the corresponding Property D,, for types). We
have decided to slightly change the terminology to avoid possible confusions with the
arithmetic property C,, on the existence of non-trivial solutions of homogeneous forms
in n variables of degree d with d™ > n + 1.

If the order of the equation isn > 1, then N;-saturation and the axioms of differentially
closed fields 2.8 yield that there are (uncountably many) non-algebraic solutions to the
equation. Thus, the above Property is not an empty condition if n > 1. In this case,
Property D,, 1 implies Property D,, for every k > 1.

Remark 7.2. — Consider a differential algebraic equation P(7") = 0 of order n > 1 over
some differential subfield K with Property D;. If the equation is irreducible, then any
two solutions a and a’ of the equation, none of which is algebraic over K, must have the
same type over K. We will refer to the type of any non-algebraic solution over K as
the generic type of the equation over K (honoring the longstanding tradition in model
theory of repeatedly using the same word for different notions!).

Proof. — Write P(T) = % with Q(T) an irreducible differential polynomial of order
n and ord(R(T")) < n. Suppose a and a; are two solutions of the above equation, none
of them algebraic over K, so Q(a) =0 = Q(a1). In order to show that a and a; have
the same type over K, as in Definition 3.1, it suffices to show by Remark 1.7 that Q(T)
is the minimal poynomial of the differential vanishing ideal of a, resp. of a;, over K,
as in Remark 1.4.(a). Now, Property D; yields that a,...,0" !(a) are algebraically
independent elements over K, so a does not satisfy any algebraic differential polynomial
equation of order strictly less than n. Since Q(T) is irreducible over K, we deduce from

Remark 1.4.(b) that Q(7T') is indeed the minimal polynomial of a over K, as desired. [

We will now show that the generic type of an irreducible differential algebraic equation
having property Dy satisfies a stronger version of the non-existence of proper fibrations,
a notion first introduced by Moosa and Pillay (2014, Definition 2.1) in their model-
theoretic study of the algebraic reductions of (generalised) hyperkéhler manifolds.

In order to render the presentation simpler, we will from now on assume that the
base differential subfield K is algebraically closed, so the generic type of the equation
is in particular stationary.

LEMMA 7.3. — Consider an irreducible differential algebraic equation of order n > 1
having property Dy over an algebraically closed differential subfield K of U. Any two
distinct generic solutions a # ay, over K form a Morley sequence of length 2 of the
generic type.

In particular, if some tuple b in U is algebraic over the differential field K {(a) generated
by a generic solution a over K, either b is already contained in K = K% or a belongs
to the differential subfield K (b).
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Proof. — Consider two distinct generic solutions a # a; over K of the equation. Re-
mark 7.2 yields that a and a; have both the same type over K and furthermore this
type is stationary (since K is algebraically closed). In order to show that the pair (a, a;)
is a Morley sequence of length 2 of the generic type of the equation, we need to show
that the differential fields K(a) and K{a;) are independent over K. Now, Property
D, implies that the fields K(a,...,0" !(a)) and K(ay,...,0" '(a;)) are algebraically
independent over K. Each derivative §""*(a) is algebraic over K(a,d(a),...,5" *(a))
for all £ in N. Thus, the differential fields K(a) and K {a;) are independent over K, by
Algebraic closure, as desired.

Assume now that the tuple b of U is algebraic over K (a) yet a does not belong to
the differential subfield K (b). Without loss of generality, we may assume that b is a
singleton b. Corollary 3.10 yields some a; # a with the same type over K (b) as a. In
particular, the element b is also algebraic over K{a;) and a; is a generic solution over
K. We deduce from the independence

K{a) | K(a1)
K
together with Algebraic closure that b must be algebraic over K, as desired. [

The last assertion of the above Lemma implies that the generic type of an equation
with Property D, is always weakly orthogonal to the constants.

COROLLARY 7.4. — Given an irreducible differential algebraic equation P(T) = 0 of
order n > 1 having Property Dy and defined over an algebraically closed differential
subfield K, we have that its generic type over K is weakly orthogonal to the constants.

Proof. — Fix a generic solution a of the equation over K. Recall that the type of a
over K is stationary, as K is algebraically closed.

In order to show that the type of a over K is weakly orthogonal to the constants,
assume for a contradiction that there exists a constant element ¢ in K(a) \ Cx. In
particular, the element c is transcendental over K = K. Lemma 7.3 yields that a
belongs to K{c), so there are differential rational functions
_ () _ S(T)
 Ry(T) — Sy(T)
with all R;’s and S;’s in K{T'} such that Ry(c)S2(a) # 0 with a = ®(c¢) and ¢ = ¥(a).

By Quantifier Elimination 2.18, the set

X={deCy| P®d)=0& d=T(d(d)

O(T) and U(T)

is Kolchin constructible over K and contains c¢. A differential polynomial evaluated
on a constant element is just a classical polynomial, so the above set X is a Zariski
constructible subset of the algebraically closed field Cy (a priori, the parameters necessary
to define X lie in K, yet Remark 6.1 implies that X can be defined using only parameters
from Ck). Since the element ¢ of X is transcendental over K, we deduce that X must
be cofinite. In particular, there exists some natural number m # 0 such that ¢ +m
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belongs to X. The element a; = ®(c + m) is a solution of the differential algebraic
equation P(T") = 0.

Now, if a; were equal to a, then ¢ = ¥(a) = ¥(ay) = ¢+ m, contradicting that m # 0.
Moreover, the solution a; does not belong to K, for otherwise so would ¢ +m = ¥(a,)
lie in K, contradicting that c is transcendental over K. Hence, Property Dy implies that
K {a) and K {a,) are independent over K, which immediately implies that ¢ is algebraic
over K and yields the desired contradiction. O]

Another easy yet surprising consequence of Lemma 7.3 is that non-orthogonality is
always due to internality.

COROLLARY 7.5. — Consider an irreducible differential algebraic equation P(T) = 0
of order n > 1 having Property Do defined over some algebraically closed differential
subfield K. As in Proposition 5.17, suppose that there is some differential field extension
L = K{(¢) of K such that the generic type of the equation over K is non-orthogonal to
the minimal type of some tuple b over L. It follows that the generic type of the equation
is internal to the family of K -conjugates of b over L.

In particular, if the generic type of the equation over K is non-orthogonal to the type
of the constants, then it is internal to the constants.

Proof. — Assume that a is a solution of the irreducible differential algebraic differential
equation P(T) = 0 with a generic over K = K% such that the (stationary) type
of a over K is non-orthogonal to the minimal type of some b over L = K(¢) as in
Proposition 5.17. Proposition 5.22.(b) implies that there exists some tuple d algebraic
over K {a) yet not algebraic over K such that the (stationary) type of d over K% = K
is internal to the family of K-conjugates of b over L. Lemma 7.3 yields that a belongs to

K{(d). 1t follows directly from the definition of internality (Definition 5.18) that the type
of a over K is also internal to the family of K-conjugates of b over L, as desired. [

Before stating the next proposition, we will provide a succint account of 2-transitive
group actions, which will be needed for the proof.

Remark 7.6. — Given a set X with at least two elements, set
X® = {(21,25) € X2 | 1 # 22} # 0.

An action
GxX — X

(g.7) = g*zx

of a group G on X is 2-transitive if the diagonal action of G on X is transitive, that
is, for all (z1,2) and (y1,%2) in X® there exists some g in G with g x z; = y; for
1 <i <2 If G acts 2-transitively on X, then the action of G on X is already transitive
(since X contains at least two elements). In particular, any two stabilizers Stabg(x)
and Stabg(z’), with  and 2’ in X, must be conjugate to each other. Moreover, for
every z in X, the subgroup Stabg(x) is maximal in G, that is, the only subgroup of G
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which properly contains Stabg(x) is G itself. Indeed, given a subgroup H of G with
Stabg(x) < H, there is some h in H with hxx # x. In order to show that every element
g in G belongs to H, we may assume that g is not already in Stabg(x) C H, so x # gxz.
Thus, both pairs (z, g« x) and (z, hx z) belong to X, so 2-transitivity yields some g,
in Stabg(z) (and thus in H) with (g1 - g) x = h %z, that is, the element h™' - g, - ¢
belongs to Stabg(z) C H. We deduce that g lies in H, as desired.

If G is infinite and the action of G on X is faithful and 2-transitive, then is G centerless,
and in particular non-abelian. Indeed, assume for a contradiction that Z(G) # {1¢}.
All stabilizers are conjugate to each other, so we deduce that Z(G) ¢ Stabg(z) for some
(equivalently, any) = in X, since the transitive action is faithful and Z(G) is normal.
Hence, the subgroup Stabg(z) - Z(G) must equal G, by maximality of the stabilizer. It
is easy to see that the induced action of Z(G) on X is transitive (since X is the G-orbit
of the base-point z) and regular (as the center Z(G) commutes with every element in
G). The bijection between X and Z(G) induces an isomorphism of actions between the
induced action of Stabg(z) on X and the action of Stabg(x) on Z(G) by conjugation.
The latter action is trivial, so the stabilizer Stabg(x) acts trivially on X. Since the
action of G on X is faithful, we conclude that the maximal subgroup Stabg(z) must be
trivial group, which contradicts that G is infinite, as desired.

From now on, we will assume additionally that the algebraically closed base subfield
over which the equation is defined is contained in the field of constants Cy.

PROPOSITION 7.7. — Consider an irreducible differential algebraic equation P(T) =0
of order n > 1 having Property Dy and defined over an algebraically closed differential
subfield K contained in Cy. We have that the generic type of the equation over K is
orthogonal to the type of the constants.

Proof. — Suppose that the equation is defined over K = K9 C Cy. Assume for a
contradiction that the generic type over K is non-orthogonal to the constants. Corol-
laries 7.5 and 7.4 yield that the generic type is internal to the constants and weakly
orthogonal to the constants. Proposition 6.8 yields some isolating Kolchin constructible
set X defined over K such that a solution of the equation a is generic over K if and
only if a belongs to X.

The binding group Bind(a/K) acts on X and also on X, by definition. Lemma 7.3
yields that the Kolchin constructible set X ® isolates the type of a Morley sequence of
length 2 of realizations of the generic type. In particular, the type of a Morley sequence
of length 2 is again isolated and the action of its binding group is (isomorphic to) the
diagonal action of Bind(a/K) on X . We deduce from Proposition 6.8 that the action
of Bind(a/K) on X is 2-transitive. In particular, it follows from Corollary 6.10 (since
n > 1 )and Remark 7.6 that the binding group Bind(a/K) is centerless.

By Lemma 6.11, there exists a a fundamental system of solutions d of the type of
a over K such that d belongs to a differential closure K of K and the action of the
centerless group Bind(a/K) on the set of realizations of the type of d over K coincides
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with the action of the binding group Bind(d/K). Now, Fact 6.12 implies that Bind(d/K)
is isomorphic to the set of Cy-rational points of a connected algebraic group GG defined
over Cy. The latter must be in particular centerless (since Bind(a/K) is). As shown
by Rosenlicht (1956, Theorem 13), the algebraic group G must be linear. Since the
type of d over K is fundamental, the differential field extension K C K(d) is strongly
normal, as in Fact 6.12. In particular, the differential field extension K C K{(d) must
be a Picard—Vessiot extension by Fact 6.14. Now, the subfield K of Cy is algebraically
closed, so Remark 6.15 yields that Bind(d/K) must be commutative. However, our
assumption yields that Bind(d/K) is centerless, so Bind(d/K), and thus Bind(a/K), is

the trivial group, contradicting Corollary 6.10. O

We have now all the ingredients to prove one of the main theorems of the work of
Freitag, Jaoui, and Moosa (2022, Theorem 3.9):

THEOREM 7.8. — Consider an irreducible differential algebraic equation P(T) =0 of
order n > 1 defined over a countable algebraically closed subfield K of the constant field
Cu of the ambient differentially closed field U. If the equation has Property Dy over K,
then its generic type over K is minimal and trivial. In particular, it has Property D,,
for all m > 2, that is, given m > 2 pairwise distinct solutions aq, ..., a,, over K, each
non-algebraic over K, we have that the set

ar,d(ay),. .. ,(5"’1(a1), ey Uy 0(Ag), ,5"’1(am)

forms an algebraically independent family over K.

Proof. — Consider a generic solution a of equation P(T) = 0 over K. The generic
type of a over K is stationary, since K is algebraically closed, and of finite rank,
by Corollary 1.8. Now, it follows from Proposition 5.22.(b) and (c) together with
Proposition 7.7 that there exists some finite tuple d algebraic over K (a) such that the
stationary type of d over K = K is minimal and 1-based.

Lemma 7.3 implies that a belongs to K (d). An easy application of Lascar’s inequalities
yields that

5.2.(

U(a/K) "2 Ula/K(d)) + U(d/K) =0+ U(d/K) =0+1=1.

Hence, the type of a over K is minimal. We deduce from Corollary 5.16 and Proposi-
tion 7.7 that the generic type of a over K must be trivial, as desired.

Let us now show that Property D,, holds: Consider m pairwise distinct solutions
ai, ..., a,, each non-algebraic over K. By Remark 5.7 together with Property D, the
independences

K(a;) | K{ay,...,a;1) for1<i<m
K

yield that
trdeg (al, §(ay),....0" Hay), ..., am,6(am), ... ,5”_1(am)> =m-n,
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so the set

ay,6(ar),..., 6" Hay), ... am,0(am),...,0" anm)
forms an algebraically independent family over K, as desired. m
Remark 7.9. — If our irreducible differential algebraic equation is not defined over the

constants, Property D3 need not follow from Ds. Indeed, Freitag and Moosa (2025,
Subsection 4.2, n = 3 & Claim 4.5) have an example of a linear differential system
§(Y) = B-Y with Property D, (since the action of the binding group is 2-transitive) for
which Property Dj fails. The matrix B has independent entries consisting of differentially
transcendental elements contained in some base field K ¢ Cy.

Using the differential version of the primitive element theorem, shown by Kolchin
(1944, p. 728 with m = 1), the above system translates to an irreducible differential
algebraic equation, given by a rational function over K, such that every generic solution
of the equation is interalgebraic with a generic solution of the above linear system.

Hence, the resulting differential algebraic equation has Property D; and not Property
Ds.

Whilst the fact that the base subfield K was contained in the field of constants Cy
was crucial for the above proof, relevant information propagates to other differential
field extensions of K, even if these are not subfields of Cy, once we know that the generic
type is minimal and trivial.

COROLLARY 7.10. — If an irreducible differential algebraic equation P(T) = 0 of order
n > 1 has Property Dy and is defined over a countable algebraically closed subfield K
of Cy, then the equation is strongly minimal: For every differential field extension L of
K and every Kolchin constructible subset X of U defined over L, exactly one of the two
Kolchin constructible sets

{a€eU|Pla)=0&aeX}or{acU| Pla)=0& a¢ X}

is finite.

In particular, any two solutions of P(T) = 0, none of which is algebraic over L, have
the same type over L. We refer to this type as the generic type of the equation over L.

Proof. — Assume for a contradiction that there exists some Kolchin constructible subset
X of Cy defined over some differential field extension L of K such that both XN (P(T) =
0) and (P(T) =0) \ X are infinite.

CrLAIM. — There ezists two solutions a and a; of P(T) = 0, none of which is algebraic
over L, such that a belongs to X yet ay does not.
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Proof of Claim. By Ni-saturation of U, it suffices to show that the following collection
of L-instances

Y(z,21) ={P(x) =0=P(x1)}U{zr e X ANz, ¢ X}U
{Q(x) - Q1) #0 | 0# Q(T) € L[TT}

is a partial 2-type over L, where we use the notation “x € X7 as an abbreviation for
the corresponding L-instance defining X. Indeed, a finite collection of instances in X
involves only finitely many non-trivial polynomials @1, ..., Q,, over L. Now, both the
sets (P(T) = 0)N X and (P(T) = 0) \ X are infinite, so none of them is contained
in the finite set of roots of the @;’s. Hence, choosing b in (P(7) = 0) N X and b; in
(P(T) =0)\ X, both different from all possible roots of the );’s, we obtain a realization
(b, by) of the finite collection of L-instances of ¥, as desired. [Claim

Now, neither a nor a; as in the Claim belong to the algebraically closed subfield K,
so they both realize the (stationary) generic type of the equation over K. This type is
minimal by Theorem 7.8, so we we deduce both independences

K{a) }L/L and K(ay) %L,

since neither a nor a; are algebraic over L.

It follows directly from Stationarity that a and a; must have the same type over L.
However, the solution a belongs to the Kolchin constructible subset X defined over L,
yet a; does not, contradicting the equivalence in Definition 3.1, as desired. [

To conclude, we will show below that Property D,, holds over any possible field
extension L in U of the base subfield K of Cy.

COROLLARY 7.11. — Consider a countable algebraically closed subfield K C Cy of the
ambient differentially closed field U and an irreducible differential algebraic equation
P(T) =0 of order n > 1 having Property Dy and defined over K.

Given a differential field extension L of K, the equation P(T) = 0 has Property D,,
over L, that is, whenever the pairwise distinct solutions aq, ..., a,, of the equation are
each non-algebraic over L, then the set

ar,0(ay),. .. ,5”_1((11), ey Uy 0 (), - ,5”_1(am)

forms an algebraically independent family over L.

Proof. — Let L and ay,...,a, be given as in the statement. Without loss of generality,
we may assume that L = L. By Corollary 7.10, we know that each a; realizes the
unique independent extension of the generic type to the field L, since none of them is
algebraic over L. By Theorem 7.8, the generic type of the equation over K is trivial.
Thus, the statement follows from Remark 5.7 as in the last part of the proof of 7.8,
once we show that any two distinct solutions, none of which is algebraic over L, are
independent over L.
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Relabeling, consider two solutions a; # as, none of them algebraic over L. In order
to show that

(%) L{a1) % L{as),
it suffices to show that
<<>) K(Gq,@z) J/ L.

K
Indeed, Property D yields that

(4) K(a1) % K {az),

so the independence (x) follows from (¢) and (#), by Monotonicity & Transitivity.

The independence () is equivalent to showing that the canonical base Cb(ay, as/L)
is contained in K C L% = L, by Proposition 4.10.(b). Choose some finite tuple b
with Q(b) = Cb(ay, ay/L™), by Proposition 4.10.(d). By construction of the canonical
base, the differential field Q(b, a1, as) is linearly disjoint from L over Q(b). In particular,
setting k; = K(b), we have that ki (a;,as) and L are linearly disjoint (and thus
independent) over k;.

By Lemma 5.10, the stationary type of (aj,as) over k is 1-based, since the type of
a; over K is trivial (and equals the type of ay over K). Hence, the differential subfield
ky is contained in K{ay,as)?. By Extension, there is some realization (a},a}) of the
stationary type of (a1, as) over k; with

k1<@117a/2> L ki{a1, az),
k1

so ky is contained in K{a},ay)*, by construction.
If we show that
K{ay, a5) | K{ay, az),
K

then Algebraic Closure yields immediately that k; = K, and thus Cb(ay, ay/L9)
belongs to K, as desired.

Now, neither a; nor aj are algebraic over k; C L9 s0 the four solutions ay, as, @} and
ay are all distinct and generic over K. Theorem 7.8 and Property D, imply in particular
that

K{(ay, a5) | K(a1,a9),
K

which yields the desired result. O]
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